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Metric Spaces and Normed Vector Spaces

Metric Space

A metric on a set M is a function p : M x M — [0, 00) such that for all z,y,z € M:
L p(z,y) = p(y, z) (Symmetry).
2. p(z,y) < p(x, z) + p(z,y) (Triangle Inequality).
3. p(z,y) =0 <= x =y (Identity of Indiscernibles).

Example

Let M = RP. For z = (z1,...,2,) € RP and y = (y1,...,y,) € RP, we can define different
metrics:

pa(,y) = /(@1 — 902+ + (2 — yp)2,
P1(5U>y) = ’331 —y1| + -+ ’xp _yp|a /Ooo(xay) = max ’xz — yi"

1<i<p

Convergence

A sequence x,, € M converges to x € M if lim,,_,, p(z,,z) = 0. We write lim,,_,o, x, = x or
Tp — T AS N — OO.

Note. For the standard metrics on RP (p1, pa, poo), @ sequence of vectors " = (z7,...,1})
converges to x = (z1,...,x,) if and only if each component converges individually, i.e.,

x = x;asn — oo forall 1 <i<p.

Example

Let M = C([0, 1]), the space of continuous functions on [0, 1]. We can define:

mmwzlmm—MM@ peol(,y) = sup [2(t) — y(t)].

0<t<1

Let K = poo(z,y). Then:

m@WZAhW—MW&SAKMZKZ%@w-

Note that since p1(z,y) < poo(T,y), poo-convergence (uniform convergence) implies pi-

convergence (convergence in the L' norm), but the converse is not necessarily true.

Cauchy Sequence

A sequence x, € M is a Cauchy sequence if p(x,,z,,) — 0 as n,m — oo.



Proposition 1
If z, — x in M, then (x,) is a Cauchy sequence.

Proof. By the triangle inequality, p(x,, ) < p(zn, ) + p(xm, ) = 0asn,m — oco. O

Completeness of Metric Space

A metric space (M, p) is complete if every Cauchy sequence inside it converges to a limit in
M. That is, if p(x,, ) — 0 as n,m — oo, then there exists some x € M such that z,, — .

Example

a. M = R is complete, but the rational numbers Q C R (equipped with the subspace
metric) are not complete.

b. M = L'([0,1]) with the metric py(z,y) = [, |2(t) — y(t)| dt is complete.

c. The space of continuous functions C([0, 1]) viewed as a subspace of L'([0,1]) under the

p1 metric is not complete.

Remark. For example c, recall that every z € L! can be approximated by a sequence of
continuous functions x,, € C([0, 1]) such that fol |z, (t) — z(t)| dt — 0. Consider the specific
discontinuous step function:

0 ifo<t<i
x(t) = 1 2 e L'([0,1]).

We can approximate it using the following continuous piecewise linear functions x,(t) €

([0, 1]):

0 if0<t<3
ra(t)=qnt—13) ifi<t<i+l.
1 ifi+i<e<i

Then we can compute the distance:

1
1
/ |z, (t) —2(t)|dt = — — 0 as n — oo.
0 2n

This shows that the sequence x,, is Cauchy with respect to p;, but its limit ¢ C(]0,1]).
Thus, the space is not complete.
Dense Set

A subset B C M is dense in M if every element © € M can be approximated by elements
from B. That is, for any x € M, there exists a sequence z,, € B such that x,, — z.



Theorem 1 (Completion Theorem)

For any metric space (M, p), there exists a complete metric space (M, p) such that M is
isometric to a dense subset B C M. Specifically, there exists a distance-preserving bijection
h : M — B satisfying:

,o(x,y) :ﬁ(h($>,h(y)), Vr,y € M.

This space (M, p) is uniquely defined up to isometry and is called the completion of (M, p).

Remark. Isometric means distance-preserving. When we say that a map h : M — B is
an isometry, it means that the distance between any two points in M is exactly equal to
the distance between their corresponding images in B under the mapping h. In Theorem 1
above, because distances are preserved perfectly, both h and its inverse h=! : B — M are
automatically continuous.
Example

1. R is the completion of Q under the standard absolute value metric.

2. L'([0,1]) is the completion of C([0,1]) with respect to the integral metric p;(z,y) =

1
Jo lx(t) —y(t)] dt.

Equivalence Relation on Cauchy Sequences

If (x,,) and (y,) are two Cauchy sequences in M, we say they are equivalent, denoted (z,,) ~

(Yn), if:
lim p(x,,y,) =0.

n—oo

Continuous Functions
Let f: (M, p) — (Y,v) be a function between two metric spaces.

1. f is continuous at a point o € M if whenever x,, — z in M, we have f(x,) — f(xo)
in Y. Equivalently, for any € > 0, there exists a ¢ > 0 such that:

v(f(x), f(zo)) < e whenever p(xg,z) <.
We write lim, ., f(z) = f(zo).

2. f is continuous if it is continuous at every point = € M.

Open and Closed Balls
The open ball Bs(x) and closed ball Bs[z]| centered at x with radius 6 > 0 are defined as:
Bs(x) ={y € M | p(x,y) <0}, Bslz] ={y € M| p(x,y) < d}.

Open Set

A subset A C M is open if every point in A has some wiggle room around it inside A. That
is, Vo € A, there exists some § > 0 such that Bs(x) C A.

4



Closed Set
A subset F' C M is closed if its complement F° = M \ F is an open set.

Theorem 2
Let T be the collection of all open subsets of M. Then:

. MeT andPeT.

2. T is closed under arbitrary (finite or infinite) unions.

3. T is closed under finite intersections.
Remark. Notice that the empty set () and the whole space M satisfy the conditions for
being both open and closed at the same time! The collection T is formally called the topology
of M.
Corollary 1
Let F be the set of all closed subsets of M. Then F contains M and (), and it is closed
under arbitrary intersections and finite unions.
Neighborhood
A subset A C M is a neighborhood of a point x if z € A and there is enough room to fit an
open ball around z inside A, i.e., Bs(x) C A for some 6 > 0.
Interior Point (Inner Point)

A point x € A is called an interior point of A if there exists an open ball centered at x
completely contained in A: Bs(xz) C A for some § > 0.

Fact. The set of all interior points of A (denoted A° or int(A)) is always an open set.

Closure

Given a subset A C M, its closure A is defined as the smallest closed set that contains A.

Theorem 3

The closure can also be described sequentially:

A={xe M|3I{x,} C Asuch that lim z, = x}.
n—oo

Corollary 2

A subset F C M is closed if and only if F' = F. Equivalently, F is closed if and only if
whenever a sequence {z,} C F converges to some x € M, the limit 2 must also belong to

F.



Normed Vector Spaces (nvs)

A normed vector space E is a vector space over a field (usually R or C) equipped with a
norm function || - ||g: £ — [0, 00) satisfying:

1. ||ax||g = |a|||z]| g (Absolute Homogeneity).
2. lz+ylle < |lzlle + ||yllz (Triangle Inequality).
3. [|lzllg =0 <= x =0 (Definiteness).
Note. Every norm automatically induces a metric on the space by defining the distance

between two vectors as the norm of their difference: p(x,y) = ||z — y||&.

Triangle Inequality for Induced Metric

lz—ylle = ll(z = 2) + (z = y)lle < [lz = zllz + |z — ylle-

Example

1. On R? the standard metrics we saw earlier come directly from these norms: for a
vector x = (11,...,24) € RY,

lalle = /a3 + a3+ a3 ol =la] 4+ fzal, 2]l = max o,
1<i<d

2. For the space of functions £ = C(][0, 1]), the corresponding norms are:
1
folli = [ le®ldt, ol = sup [z (o).
0 0<t<1

Completeness of Normed Vector Space

If a normed vector space E is complete under its induced metric, it is called a Banach space.

Example
1. R? paired with any of the norms (|21, [|z]|2, ||7]|s) is @ Banach space.

2. C(]0,1]) is a Banach space when equipped with the supremum norm ||z|., but it is
not a Banach space under the ||z||; norm.

3. L'([0,1]) with the norm |[|z||; = fol |z(t)| dt is a complete Banach space, and C([0, 1])
forms a dense subset within it.

4. Q% is not a Banach space because the scalar field Q contains gaps.



Linear Operators

Let E and F' be two normed vector spaces, and let 7' : /' — F' be a linear mapping. The
following three conditions are completely equivalent:

a. T is continuous at the origin 0.
b. T is continuous everywhere on E.

c. T is bounded: There exists a constant C' > 0 such that [|T(z)||r < C||z|g for all
r ek

Notation. We denote by L(E, F) the set of all bounded linear operators from E to F.
Proof. The implication b = a is trivial.

For a = b: Let x, — x in E. By linearity, this means z, — z — 0 in E. Since T is
continuous at 0, we have T'(z,, —x) = T'(x,,) —T'(z) — 0 as n — oo, which proves continuity
at . Thus, a = b.

For a = c¢: Since T' is continuous at 0, choosing € = 1, there must exist some radius 6 > 0
such that:
IT(x)||lr = ||T(x) —T(0)|]|r <1 whenever |z|g <34.

Now, pick any non-zero vector y € E. We can rescale it to have norm exactly equal to § by
considering the vector —%— - 4. Since this scaled vector has norm ¢, applying our property

. [yl e
gives:

I (it )

Setting C' = % satisfies condition c.

) 1
<1l = T lITWlr <1 = ITWIFr < 5lylle-
F 1yl e

For ¢ = a: If x,, = 0 as n — oo, then by bounded inequality:
1T (zn)||lr < Cllzallz — 0,

which confirms T is continuous at 0. O

Operator Norm

Given a bounded linear operator T' € L(FE, F'), its operator norm is defined as:

IT[| = sup [|T(z)]r= sup [[T(x)]F.

Izl z<1 |zl z=1
Note.
i. [|T]| < C for any constant C' that satisfies condition c.
ii. ||T'|| represents the absolute smallest valid constant C' > 0 for which condition ¢ holds.

iii. Crucial Property. ||T(x)||r < ||T||||x|&-



Dual Space

Given a normed vector space F, its dual space (denoted E*) is the space of all continuous
linear functionals mapping from E into its underlying scalar field:

E* = L(E,R) (or E* = L(E,C)).

Note that because the target fields R or C are complete, E* is always a complete Banach
space, even if F itself is not! For any functional ¢ € E* and vector x € E, we often write
the evaluation using dual pairing notation:

Uz) = {l,x)p g = (L, ).

Example

1. Let E = R%. Any linear functional ¢ € E* = £(R? R) can be represented as a standard

dot product:
d

lz)=a -z = (a,z)= Zaixh

i=1
where a = (ai, ..., aq) € R? is a fixed vector uniquely identifying the functional.

2. Let E and F' be normed vector spaces. We can construct their product space £ x F,
which is also a normed vector space under any of the following natural norms:

Iz, w)ll2 = v/ lll% + %

Iz, )l = [zl + lyl e,
(2, y) oo = max{{|zz, lyll#}-

Furthermore, if both component spaces F and F' are complete Banach spaces, then
the product space F x F'is guaranteed to be a Banach space as well.

Main Theorems of Normed Vector Spaces
Hahn-Banach Theorem

Let E be a normed vector space and M C E be a vector subspace. Let f € M* = L(M,R)
be a bounded linear functional on M. Then there exists an extension ¢ € E* = L(F,R) such
that ¢|p = f and:

1]

g = || fllaz=

Remark. The general proof relies on Zorn’s Lemma. However, Zorn’s Lemma is not required
if the space FE is separable (i.e., possesses a countable dense subset), in which case a sequential
induction argument suffices.



Corollary 1 (Separation from Closed Subspaces)

Let E be a normed vector space and F' C E be a closed vector subspace such that F' # E.
Then there exists a nonzero functional £ € E* such that ¢|r = 0.

Moreover, if xy ¢ F, we can choose ¢ € E* such that ¢(x¢) =1 and {|p = 0.

Proof. Let xg ¢ F. We construct the expanded subspace M spanned by zy and F:

M=Raxy+ F={tep+y:teR, yeF}.

First, we observe that this representation is unique: if tzg +y = 0 with ¢ # 0, then 2y = —¥.

Since F is a vector subspace, this implies x¢ € F', which directly contradicts our assumption
xo ¢ F. Thus, t = 0, which immediately implies y = 0.

We can therefore safely define a linear functional f : M — R by:
f(tl"o + y) =1t.

By construction, this functional satisfies f(z¢) = 1 and f(y) = 0 for all y € F. To formally
verify it is well-defined, suppose t129+y; = taxo+ys. Then (t; —t2)zo+ (y1 — y2) = 0, which
by our unique representation requires t; = to and y; = yo. Hence f(t1x0+y1) = f(t2x0+y2).
Linearity follows directly:

f(an(timo + y1) 4 aa(tozo + 12)) = onty + sty = ay f(tizg + y1) + o f (tao + 12).-
To establish that f is bounded, we define the distance from zy to the subspace F':
d = inf ||zg — 2||g-
zeF
Because F' is closed and xq ¢ F, it follows that d > 0. (If d = 0, there would exist a sequence
{z,} C F converging to xq, forcing xy € F' = F', a contradiction).

For any arbitrary element txg 4+ y € M with ¢t # 0, we can factor out the scalar:
- Y
It + ylls = 1t |20 = (=5)]| = Itla,
t/ g

since —% € F. This inequality trivially holds for t = 0 as well. Consequently, if |[tzg +y|lz <
1, we must have |t| < é. The norm of f is therefore bounded by:

1

Wfllare = sup |f(tzo+y)|= sup |t| < p < 00.
lltzo+yll B <1 l[tzo+yll p<1

By the Hahn-Banach Theorem, f extends to a global linear functional ¢ € E* preserving

the norm. This extended functional satisfies ¢(xo) = f(zo) = 1 and ¢(y) = f(y) = 0 for all

y € F, completing the proof. O

Corollary 1 provides a standard mechanism to prove that a vector subspace D C E is dense
(D = F) via contradiction:



1. Assume the closure is proper: D # E. Note that D remains a valid closed vector
subspace.

2. By Corollary 1, there must exist a nonzero functional ¢ € E* vanishes entirely on D

3. If independent structural arguments demonstrate that {|p =0 = ¢ =0 on all of E,
we obtain a contradiction, proving density.

By continuity, if a bounded functional vanishes on D, then for any =g € D approached by a
sequence {z,} C D, we have {(zq) = lim,_,, ¢(x,) = 0.
Corollary 2 (Norm Realization and Alignment)

Let E be a normed vector space.

a. For each nonzero x € F, there exists a normalized functional ¢ € E* (||¢|| g = 1) such
that:

U(z) = (€, z) = ||£]
We say that ¢ and x are aligned.

b. For any z € F/, the norm can be calculated via dual evaluation:

z|lg = max |l(x)].
Jolls = ma Je(o)

Geometric Context. By definition, the bound |¢(x)| < ||| g+
represents the case where this inequality is sharply saturated.

z||g always holds. Alignment

e If £ = R? under the Euclidean norm || - ||, then E* = R? under || - ||o. Alignment
means (a,z) = ||lal|2]|z||2, which occurs if and only if @ and z are linearly dependent
and point in the same direction (cosa = 1).

o If £ = R? under the ¢*-norm || - ||;, its dual is governed by the £*-norm | - ||c.
Alignment requires (a,z) = ||a||oo||z]/1, meaning a; = max; |a;| - sgn(z;) for all indices
where x; # 0.

Proof. We assume without loss of generality that the scalar field is R.

a. Let zy € F with xg # 0. Define the one-dimensional subspace M = Rx,. Construct
the linear functional f : M — R by f(tz) = t||x¢||g. Its operator norm on M is:

[fllare = sup [f(tzo)| = sup [t[[lzolle = 1.
[[tzoll2<1 [tlllzoll z<1
By construction, f(x¢) = ||zo||g = || fl|am+]|zo]| 2. Applying the Hahn-Banach Theorem

yields an extension ¢ € E* matching the norm ||¢|| g« = ||f|la+ = 1, which satisfies

U(xo) = f(x0) = [[zollz = ||€]| &~ || 20| -

b. For any functional satisfying ||¢|| g« < 1, we have |[€(xq)| < [|€]|g||%olle < ||%o|| £, hence
SUD|jg| . <1 |£(20)| < |lzol|p. Part a guarantees the existence of a specific functional
achieving exactly ||xo||g, turning the supremum into a maximum. O

E*
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Norm of the Adjoint Operator

Let F and F' be normed vector spaces, and let T' € L(FE, F') be a bounded linear operator.
The adjoint operator T' : F* — E* is defined by mapping each linear functional ¢ € F* to
the functional 7"¢ € E* via:

(T'0)(z) := ¢(T(x)) Va € E.

Proposition 1

The adjoint operator satisfies 7" € L(F*, E*), and its operator norm is identical to the
original operator:
1)) = 1.

Proof. We expand the definition of the operator norm using nested suprema over the
respective unit balls:

1Tl = sup [|T"¢]

pr = sup  sup |(T0)(z)|

Jell e <1 lllpe <1 Jlallp<1
= sup sup |[(T(z))| = sup sup [((T(x))]
lllpe <1 Jlallp<1 lellm<1 [1€] =<1

Applying Corollary 2 b directly to the inner supremum over the element 7'(z) € F:
sup [{(T'(x))| = | ()] -

€]l 7+ <1
Substituting this back into the norm expression completes the proof:

I7"] = sup [T (z)llr = [IT]l

zllz<1

Canonical Isometric Embedding into the Bidual

Let E be a normed vector space and E** = (E*)* denote its bidual space. Every element
zo € E induces an evaluation functional J,, € E** defined via:

oy (0) = l(xg) VL€ E.
Boundedness follows immediately from standard duality: |J,,(€)| = |[¢(x0)] < |||

Proposition 2

The canonical evaluation map J : E — E** defined by z¢y — J,, is a linear isometric
embedding. Thus, E can be viewed as an isometric subspace of E** (written £ C E**).

Proof. Linearity is inherited from the vector space operations on E*. Utilizing Corollary
2b once more to evaluate the norm of the functional J,, on E*:

[z

g = sup |Jy(0)] = sup [l(zo)] = [|lzo]|5-

€]l gx <1 €]l =<1

11



Baire’s Category Theorem (Closed Set Formulation)

Let (M, p) be a complete metric space. If M is expressed as the countable union of closed
subsets M = |J,~, M, then there exists an index ng > 1 such that its interior is nonempty
(M,, # 0). That is, M,, contains an open ball B, (zo).

Proof. We proceed by contradiction. Assume that M, = 0 for all n > 1. This implies that

the complements:
O, =M\ M,

are open and dense in M. Consequently, every open ball in M must intersect each O,,. We
aim to show that the intersection G = (\~, O, is dense. However, by De Morgan’s laws:

G:ﬁon:ﬁM;:<
n=1 n=1

which yields a contradiction since a dense subset of a nonempty complete space cannot be
empty.

Mn> = M=),
1

n—

To prove G is dense, it suffices to show that an arbitrary open ball B, (z9) € M contains at
least one point of G. Since O; is open and dense, the intersection B, (x¢) N O is open and
nonempty. We can therefore choose a nested closed ball B, (z1) inside it:

Brl ($1) - Bro (33'0) N 01 with 1 < %

Next, because Oy is dense, the open set B, (x1) NOs is nonempty. We select a smaller nested

closed ball: B ) )
Br2($2) g BTl (331) N 02 with To < 51 < 2—(2)

Proceeding inductively, given the open ball B, (zx,), density of O, allows us to find:

J— ’]"0

B“LH(x"Jrl) C By, (2,) N Opgr with rpyq < on+1"

The constructed sequence of centers {z,}>°, is Cauchy. Indeed, for any indices j,j" > n,
both points belong to the ball B, (z,), so:

2
p(xﬁxj/) < p(l'j,l'n) +p(xj'7$n) < 2rn < % — 0 asn— oo.

Since M is complete, the limit x = lim,,_,, x, exists. Because the balls are _nested, for any
fixed index n, the tail of the sequence lies completely inside the closed ball B, (z,), forcing
the limit to remain inside it:

r € B, (r,) C B, _(tp-1) N0, CO,.

Since this holds for every index, z € () °_; O, = G. Thus B, (x¢) N G # 0, proving density
and completing the contradiction. O]
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Banach-Steinhaus Theorem (Uniform Boundedness Principle)

Let E be a Banach space and F' be a normed vector space. Let {T;}ier C L(E,F) be a
family of bounded linear operators. Suppose that the family is pointwise uniformly bounded,
meaning:

sup [|Ti(x)||p < 00 Vz € E.

iel
Then the operators are uniformly bounded in operator norm:

sup || T;|| < o0.
i€l

Proof. For each integer n > 1, we define the sets:

M, = {z € Brwp |T@)le <nf = (Vo€ B: [T@)]r <n).
el iel
Because each operator T; is continuous, the set {x € E : | T;(x)||r < n} is the inverse image
of a closed set, hence closed. The intersection of any family of closed sets remains closed, so
each M, is closed. The pointwise uniform boundedness assumption guarantees that every

element x € E belongs to M, for a sufficiently large n, yielding the countable decomposition
E=U,_ M.

Since F is a complete Banach space, Baire’s Category Theorem dictates that there exists an
index ng > 1 such that M,, # 0. Thus, there exists a closed ball centered at some zy € E
completely contained within this set:

B,,(70) € M,,, = su? I Ti(2)||Fr < no Vo € B,y (o).
i€

We now estimate the operator norm by evaluating perturbations around xy. Let y € E be

an arbitrary vector satisfying |y||z < ro. The shifted vector x + y belongs to B,,(zo). By
linearity, we can isolate y:

ITi()llr = ITi(y + 2o — xo)l|p < [[Tixo + y)llr + [ Ti(x0) | -
Since both zy and zy + y reside within M,,,, their images under any 7; are bounded by ng:
I T:()|lr < mo+no=2ny Viel.

Taking the supremum over the ball of radius ry allows us to calculate the operator norm
bound:

1 2710
ITi|l = — sup ||Ti(y)|lr < — < cc.
0 [lyllz<ro To
As this bound is entirely independent of the index i, we conclude sup,; ||T;|| < 22°. O

0]

Finite-Dimensional Example. Let T; € L(R? R?) be represented by matrices (at,) for
1 < k,¢ < d. Pointwise boundedness sup, ||T;(z)|] < oo for all x € R? implies uniform
boundedness of all matrix entries: sup, |a},| < oco. This can be checked by testing the
standard basis vectors e,:

sup |ay,| = sup leg - (Ti(er))| < sup [lex]l2]| Ti(ee)ll2 = sup [|Ti(er) || < oo.

13



The Open Mapping Theorem
Theorem 3

Let E and F' be Banach spaces and let T' € L(E, F') be a surjective (onto) bounded linear
operator. Then there exists a scaling constant ¢ > 0 such that the image of the open unit
ball contains an open ball centered at the origin in F"

BF cT(BY).

Proof. By surjectivity, the images of expanding balls cover the entire target space:
F = U2, T(BF). To invoke Baire’s Category Theorem, we look at their closures:

F = |J)_, T(BF). Complete continuity of F guarantees that there exists an index ng
containing an open neighborhood:

B (29) C T(BE).

By linearity, the image is symmetric about the origin (y € T(B}) <= —y € T(B)),

which implies the closure is symmetric as well, so Bf; (—w9) CT(BE). Lety € Bg) be an
arbitrary vector centered at the origin. We can decompose it convexly:

1 1
Y= 5(% +y) + 5(—950 +y).

Since 29 +y € BE (x9) and —xzg +y € B/ (—x0), both belong to the convex set T(BE).

Summing them shows that the centered ball is absorbed: B} C T(BZ). By linear scaling,
dividing by ng yields:

Bf CT(BF) where § = o

no
We now show that this closure can be swallowed by a slightly larger open ball, specifically
T(BY) C T(By). Let z € T(BY). By scaling the absorption property, By, C T(B}),). This

allows us to approximate z closely: there exists an element x; € B such that:

2 —T(x1) € By € T(Bf,).

Iterating this approximation property at scale 1/2, there must exist an x5 € BlE/2 satisfying:

2 —T(x1) = T(x2) € By, C T(BY),).
Inductively, for step n, we can find a correction vector x,, € Bf/gn,l such that:

which means ||z — T(})_, zx)||[r < & —> 0 as n — oo. The series > ;o x; converges

absolutely within the Banach space E because:

(o.9] oo 1
Dollzlle <1+ o5 =2
k=1 J=1

14



Completeness implies the limit z = )"/ | =} exists and satisfies ||z||z < 2. By continuity of

T(x)= nh—>r2<>T (i xk> = z.

k=1

Since ||z||r < 2, it follows that z € T(B¥), which proves T(BF) C T(B¥). Combining our
results:

Bi CT(Bf) C T(By) = Bjj, C T(BY).
Setting ¢ = /2 completes the proof. ]

Corollary 3 (Openness of Operator Images)

Let £ and F' be Banach spaces and let T' € L(FE, F') be surjective. If U C E is an open set,
then its image T'(U) C F is open.

Proof. Let yo € T(U). By definition, there exists an z¢ € U such that T'(zg) = yo. Since
U is open, we can find a radius § > 0 such that BF(xy) = xo + BF C U. By Theorem 3,
there exists a constant ¢ > 0 such that BY C T(BF), which scales to BL C T(BF). Using
linearity to translate the sets:

Yo + B C T(x) + T(BY) = T(xo + BY) C T(U).

Thus, T'(U) contains an open ball around each of its points, meaning it is open. O

Inverse Mapping Theorem

Let E and F be Banach spaces. If a bounded linear operator T' € L(E, F') is bijective, then
its set-theoretic inverse is automatically bounded: T—! € L(F, E).

Proof. To establish continuity of 7!, it suffices to show that the preimage of any open set
U C E under T7! is open in F. Notice that:

By the Open Mapping Theorem (Corollary 3), since T is surjective, the image T'(U) is
guaranteed to be open. Thus 7! is continuous, which is equivalent to being bounded. [
Closed Graph Theorem

Let E and F be Banach spaces and let T': E — F' be a linear operator. If the graph of the

operator:
I'={(z,T(x)) e EXF:z € L}

is a closed subspace of the product space E x F, then T is bounded (T' € L(E, F)).

Proof. The product space E x F equipped with the norm ||(x, y)||lexr = V|z|% + ||y]/%
is a Banach space. Because I' is assumed to be a closed subspace, it is a complete Banach
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space in its own right under this induced norm. We consider the two standard canonical
coordinate projections restricted to I':

m:I = E, mxT(z))=mua

mo: ' —= F, mo(x,T(x)) =T(z).
The projection m; is bounded because ||m(z, T(x))||p = ||z||g < ||[(z,T(2))||pxr. Further-

more, 7 is clearly a bijection between I' and E. Applying the Inverse Mapping Theorem,
the inverse operator ;' : E — I is automatically bounded.

We can now express the original operator as a composition of these two projections:
-1
T =myom .

Since 7 is obviously bounded (||7(z)||r < ||(z,T(x))||pxr), T is the composition of two
bounded linear operators, making it bounded. O

Operational Summary. The Closed Graph Theorem simplifies proofs of continuity by
relaxing the convergent sequence condition:

e Standard Proof Method. Assume x, — = in E. One must simultaneously prove that
the limit lim,, o, T'(z,) = y exists, and that y = T'(x).

e Closed Graph Method. Assume z,, — x in E and assume that 7'(z,) — y in F. One
only needs to show the structural identity y = T'(z).

Hilbert Spaces
Inner Product

Let H be a complex vector space. An inner product on H is a C-valued function denoted
by (x,y), for x,y € H, such that:

i. (z,2) >0Vr € H; (x,z) =0if and only if x =0
ii. Vo,y,2 € H, and o, 8 € C:

(ax + By, 2) = alz, z) + Bly, 2),
(z,ax + By) = alz,z) + Bz, 1),
(z,y) = (y,2).

Examples

1. H=C% 2= (21,...,29), vy = (y1,...,94) € C&:

d
(x,y) =Y ;7;.
j=1
Then, (z,z) = Z;-lzl |25,
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2. (* is the space of all sequences (1, T3, ...) such that

[e.9]
Z |z,]? < 00,
n=1

with the inner product (z,y) => ", ©,7,.

3. C = C([a,b]) is the space of continuous complex-valued functions on [a, b] with
b —
o) = | sogw

4. L*(X,p) is the space of complex-valued square-integrable functions (equivalence
classes) on a measure space (X, X, 1) with

<ﬁm:/}@mwmu

In fact, Examples 1 and 2 are just specific cases of Example 4 using the counting
measure.

Then, (f, f) = [0 |f(t)[dt.

Inner Product Space (Pre-Hilbert Space)

A complex vector space equipped with an inner product is called an inner product space or
pre-Hilbert space.

Orthogonality

Let H be a pre-Hilbert space. We say x L y in H if (x,y) = 0. The induced norm is defined
as:
ol = f{wa), weH.

Pythagorean Theorem

If x L y, then
e+ yll7 = lelz + lyll7-

Proof. Let (x,y) = (y,x) = 0. Then,

lz+yl% = (@ +y.2+y)
= (z,2) + (z,y) + (y,2) + (¥, )
= llzlE + lyll%

17



Orthonormal System
A subset {e;: j=1,..., N} is an orthonormal system (ONS) if

1 ifk=¢
(er,ee) = . :
0 ifk#¢C

Note that ||ex||% = (ex, ex) = 1.

Theorem 2
Let {e; : j=1,...,N} be an ONS. Then for any = € H:
L. Zj’v:l(l', e;)e; and x — Z;.Vzl@v, e;)e; are orthogonal.

. N N
i el = lle = 2252 (s ei)esll + 1 205 s eg)es

iii. Bessel’s Inequality.
N

> e e < el

J=1

Proof. We first prove i by showing that x — Zj.vzl(x, ej)e; Legforallk=1,... N:

N

(x — Z(x, e;)e;, er) = (x,ex) — (z, ep) ek, ex) = (x,ex) — (z,e,) = 0.

J=1

Next, ii follows directly from i and the Pythagorean Theorem, and iii clearly follows by
dropping the non-negative first term from the right-hand side of ii.

Remark. 1f {e; : j = 1,...,N} is an ONS, then {ej,...,en} is linearly independent.
Indeed,

N
O:Z@jej = ap =10 Vk

J=1

which is shown by taking the inner product of both sides with each e.

Cauchy-Schwarz Inequality

For any z,y € H,
(@, )| < llellallylle

Proof. Let y # 0. Consider the single-element ONS {m} By Bessel’s inequality:
< i >
x?
1ylla
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Corollary 1
|z||lg = v/{z,x), x € H, is a well-defined norm.

Proof. We prove the triangle inequality. For any z,y € H:

lz+ylE = (z+ v,z +y)
= (z,z) + (z,y) + (y,7) + (v, 9)
(z,2) + (=, 9)| + [{y, 2)| + (¥, v)

<
< llzllz + lyllz + 2llzllzllyllz - (by Cauchy-Schwarz)

|
(Il + llyll)*.

Hilbert Space

A pre-Hilbert space H is called a Hilbert space if it is complete with respect to the induced
norm || - ||g.

Projection Theorem

Let H be a pre-Hilbert space. Given a vector subspace M C H, its orthogonal complement

is defined as:
={ze€eH:(x,;m)=0 Yme M}.

We write L M if € M*. Note that M* is always a closed vector subspace of H due to
the continuity of the inner product.

Theorem 3
Let H be a Hilbert space and M C H be a closed vector subspace.

i. Vo € H, there exists a unique my € M such that

= inf — = —

d:= nf | —mlg = |l —molm
Moreover, (x —mg) L M. The vector my is called the orthogonal projection of x onto
M, denoted by Pyx = my.

ii. Let my € M be such that (z —m;) L M. Then m; = my.

Remark. Theorem 3 implies that Va € H, there exists a unique decomposition x = mgy+ w
where mg € M and w € M*. Thus, H =M & M*.

Proof.

i. Let z € H. By the definition of infimum, there exists a sequence {m;} C M such
that ||x — my||lg — d as k — oco. We show that {m;} is a Cauchy sequence using the
Parallelogram Law:

[l —melly = | (@—me) = (x—mi) 5 = 2llz—mellf+2l 2 —mllf — || 22— (me+m) 13-
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Since M is a vector subspace, ™3™ € M, which implies ||z — ("5™%)||z > d. Thus,

(et me) Lo

||2]J — (mg + mk)“?{ =4 Hl‘ —
H

Substituting this back gives:
Ik = mellfy < 2lle = mal[f + 2l — mlfy — 4d® 225 26 + 24 — 4d? = 0.

Since H is complete, mgy := limy_.o, my exists, and by closure of M, mqg € M with
||$ - mQHH =d.
For uniqueness, if mg € M also achieves the distance d, applying the same inequality

with my = mg and m, = my yields:

Mo — Moy < 2d* +2d* — 4d*> = 0 = mg = M.

To prove that (x —mg) L M, let m € M and t € R. Expanding the norm using inner
product properties:

Iz = mo) — tmll; = |z —molly — 2tRe{(z —mo,m)} +*|m|l%.
Since m minimizes the distance, we have d* < ||(z —mg) — tm/||%, which simplifies to:
0 < #?||ml3 — 2tRe{{x — mg,m)} Vte€R.

For this quadratic function to remain non-negative for all ¢, the linear coefficient must
vanish:

Re{(x — mg,m)} = 0.

Replacing ¢ by it in the original formulation yields Im{(z — mg, m)} = 0. Since both
parts are zero, (x — mg, m) = 0, proving orthogonality.

ii. Let m; € M satisfy (x —my) L M. For any m € M, since (m; —m) € M, we have
(x —mq) L (m; —m). By the Pythagorean Theorem:

lz = mll = (@ —ma) + (ma —m)l[g = llz = mull + Imy —mllE > |z —mallf.

Taking the infimum over all m € M implies ||z —m,||% = d?. By the uniqueness proven
in part i, m; = my.

Corollary 2

Let {e1,...,ex} be an ONS in a Hilbert space H, and let M = span{ey,...,ex}. Then for

any r € H:
N

Py (x) = Z<l‘,€j>6j.

=1

Proof. Theorem 2 established that (x — Z?;(x, e;)ej) L ey for all k, which implies it is

orthogonal to the entire span M. Applying Theorem 3 ii completes the proof.
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Hilbert Space Basis

Let H be a Hilbert space. An orthonormal system S C H is called a complete orthonormal
system (CONS) or a Hilbert basis if for any z € H:

(z,eq) =0 Ve, €8 = 2=0.

Example

Let u be the counting measure on [0, 1]. Consider H = L?([0, 1], 1), the space of functions

f:10,1] — R such that
S0P = /[0 O < oo

t€[0,1]
The inner product is given by (f,g) = Zte[m] f(t)g(t). For each a € [0, 1], defining the
standard indicator functions e,(t) = 1 if & = ¢ and 0 otherwise forms a non-countable

CONS where f(t) = > c/01)(/: €a)ealt).

Theorem 4
Let H be a Hilbert space with a CONS {e, : @« € A}. For any = € H:
i. The set A:={a € A: (x,e,) # 0} is at most countable: A = {ay, as,...}.

. o= Ea€A<$7 ea>ea = ZZ(D:l(x7 eak>eak = limy, 00 2221 <x> 6ak>€ak'
iii. Parseval’s Identity.

lzliz =D HaveadP =Yl ea )

acA
Proof.

i. For any finite subset {f1,...,0,} C A, Bessel's inequality states >, [(z,eg)]? <
|z||7; < oo. For each n > 1, define A, = {& € A : [(z,¢e,)] > 2}. If any A, were
infinite, it would contain a countable sequence contradicting Bessel’s bounded sum.
Hence, each A, is finite, making A = [J 7, A, a countable union of finite sets, which
is countable.

ii. Let {ag}°, be an enumeration of A and define the partial sums s, = >/, (%, €a, )€, -
For m > n, by the Pythagorean theorem:

m
Ism = sallir = D 1@ ean)l.

k=n+1

As n,m — oo, this goes to 0 because the total series Y -, [(x, €q,)|* converges. Thus
{sn} is Cauchy, and since H is complete, it converges to some y € H. To show y = z,
we look at the inner product for any o € A:

n

<.CE - y>ea> = <x7€a> - nh_)rgo ;<x>€ak><eakvea>'
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If « ¢ A, both terms are 0. If o € A, then o = a,, for some n, yielding (z,e,,) —
(r,e4,) = 0. Since (x — y,e,) = 0 for all a, by the completeness of the system,
r—y=0—= z=y.

iii. Applying Theorem 2 ii to the finite partial sums yields:

2 n
+ >l ea )
H k=1

Taking n — oo, the first norm term vanishes due to part ii, leaving Parseval’s Identity.

n

x — Z(x,eak)eak

k=1

lll7 =

Theorem 5

A Hilbert space H has a countable CONS if and only if H is separable (contains a countable
dense subset).

Proof. (=) Let {e,}n>1 be a countable CONS. The set of all finite linear combinations
> r_i rrer where 1, € Q +49Q forms a countable dense subset in H. (<) Let {y1,y2,...}
be a countable dense subset. We can filter out linearly dependent vectors to get a linearly
independent sequence {z,} spanning the same subspace. Applying the standard Gram-
Schmidt procedure to {z,} constructs a countable orthonormal system {e, } whose span is
dense in H, hence forming a CONS.

Proposition 2

Let H be a pre-Hilbert space. For a fixed z € H, define ¢,(x) = (x,z). Then ¢, € H* and

1= e = Iz
Proof. Boundedness follows from Cauchy-Schwarz: |0, (z)| = [(z, 2)| < ||2||z||%| &, showing
0]+ < ||z||zr. Testing the functional on the unit vector x = P (for z # 0) yields exactly

|z||z, establishing equality.

Riesz Representation Theorem

Let H be a Hilbert space. For every bounded linear functional ¢ € H*, there exists a unique
zy € H such that
l(x) = (x,2), Vxe€H.

Moreover, [[€]|a- = ||z z-

Proof. 1f ¢ = 0, choosing z, = 0 works. Assume ¢ # 0, and let M = ker(¢). Since ¢ is
continuous, M is a closed subspace, and M # H. By the Projection Theorem, M+ # {0}.
Pick a nonzero xy € M+ scaled such that ¢(xy) = 1. For any x € H, the vector x — {(x)x
belongs to M because {(x — £(x)xy) = {(x) — £(x) = 0. Since g € M+, we have:

(x — U(z)T0, 20) =0 = (7, 30) = L(2)|30||7; = L(2) = <$’ ”;O(‘Jﬁ{> :

Setting z, = - proves existence. Uniqueness follows since if (r,2z1) = (x, z5) for all z,
H
then (z,21 — 29) =0 = 21 — 20 =0.

22



Adjoint Operator
Let H be a Hilbert space. For each T' € L(H), there exists a unique T* € L(H) such that

(Tz,y) = (x,T"y) Va,y € H.

Moreover, ||[T*]| = ||T|.

Proof. For a fixed y € H, v — (Tx,y) is a bounded linear functional on H. By the
Riesz Representation Theorem, there exists a unique vector, which we denote as T*y, such
that (Tx,y) = (x,T*y). To verify that 7" is linear on a complex Hilbert space, consider
y1,Y2 € H and o, 8 € C. For any x € H:

(@, T"(ayr + By2)) = (Tw, ayr + Pys)

a(Tz,y) + B{(Tz,ys) (conjugate-linear in 2nd slot)
= &(x, T*y1> + B(l’, T*y2>

= (x,aT™y, + T"y>) (bringing scalars back inside)

Since this holds for all x € H, T*(ay; + By2) = oT*y; + ST*y,. The norm equality follows
from:

I77|] = sup sup [z, T"y)| = sup sup [(Tz,y)| = sup ||Tz|x = |T].
Iyl <1 llall<1 Iyl <1 llel|<1 Jall<1

Self-Adjoint Operator
An operator T' € L(H) is called self-adjoint if T* =T.

Lemma
Let H be a Hilbert space and 7' € L(H). Then,

17T = |T|”* = |7

Proof. For any x € H with ||z||g < 1:
|IT2|f = (Tx, Tx) = (2, T"Tx) < ||2l|al|T* Tz g < |TT].

Taking the supremum over all such z yields ||T]|> < ||T*T||. Combined with the standard
norm inequality |T*T|| < ||T*|||T|| = ||T||*, we get equality.
Remark
Let H be a Hilbert space. Then:

1. A:=L(H) is a C*-algebra.

2. A is a Banach algebra satisfying [|ST|| < ||S||||T|-

3. The adjoint operation 7" — T™ is an involution satisfying:
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o (aT + BS)* =aT* + BS*.
o (ST)* =T*5".
o |T°T|| = IIT]>.

LP Spaces
Let (X, X, 1) be a measure space. For 0 < p < oo, we define the space LP(X, X, u) (abbre-
viated as LP(u) or LP) as:
LP = {f : X — C is measurable : / |fIPdp < oo} .
b

We identify functions that are equal almost everywhere (a.e.) to form equivalence classes.
Additionally, we define L™ to be the space of equivalence classes of measurable functions
f X — C that are essentially bounded:

|f| < C a.e. for some C > 0.

Remark. LP is a vector space. For instance, if p € (0,00) and a,b > 0, the inequality
(a+ b)P < 2P(aP + bP) holds because:

(a+b)? < (2max{a, b})? = 2 max{a?, b’} < 2P(a? 4 7).

For f € LP where p € (0,00), we define the LP norm (or quasi-norm if p < 1) as:

Ik =7 = ([ 1rpan)

For p = oo, the essential supremum norm is defined as:
[fllze =l fllc = nf{C' = 0:[f] < C ae.}.

Note. By definition, |f| < |||l a-e.

Young’s Inequality

1,1
For a,b >0, p € (1, 00), and;—l—g—l,

al b
ab < — + —.
p q

Proof. Let a,b > 0 (the case where a = 0 or b = 0 is trivial). Since the natural logarithm
function In is concave, we can apply Jensen’s inequality:

In (a;j’ + bg) > ]%ln(ap) + éln(bq) = In(a) + In(b) = In(ab).

Taking the exponential (exp) of both sides yields the desired result.
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Holder’s Inequality
Let p € [1,00] and let 1%—1— % =1 (with = =0). If f € L? and g € LY, then fg € L* and:

[ 1rsld < 1£1, 0l
X

Proof. For p=1 or p = oo, the proof is straightforward. Let p € (1,00), f # 0, and g # 0
a.e. By Young’s inequality, for any parameter ¢t > 0, we have:

_ 1 ad e
/leg|du—/x|(tf)(t 9 du < p/X|f\Pdu+ q /Xlgl"du

Let A= [ |f[?dp and B = [, |g|? dp. Define the auxiliary function L(t) for t > 0:

tP t=4
Lt)=—A+-—B
p q

To minimize L(t), we find its derivative and set it to zero:

B B\ v
L’(t):tpflA—tiqleIO _— tPJrq:Z = t = (Z)

Evaluating L(t) at this critical point gives:

1/ -1/
inf L(t) = 1 <§) qA + 1 (E) pB = lAl/pBl/q + lAl/pBl/q — AY/rRBl/a
>0 p \A g \A D q

Substituting AY? = || f||, and BY4 = ||g||, completes the proof.

Remark. If f € L? and ]lo+ % =1, then [f|P~! € L.

Proposition 1 (Minkowski’s Inequality)
For p € [1,00], || - ||, satisfies the triangle inequality and forms a norm on L”.

Proof. For p =1 or p = oo, the proof is left as an exercise. Let p € (1,00) and f,g € L”.
We assume f 4 g # 0 dynamically. Splitting the integrand yields:

/|f+g|”dM=/ |f+g|p‘1|f+g|du§/ |f+g|”‘1|f|du+/ 1+ gPlgldu
X X X X

Applying Holder’s inequality to both integrals on the right-hand side using conjugate expo-
nents p and g = p%l, we get:

1/q 1/q
/ If +glPdu < (/ |f + g|P~ e du) £l + (/ |f + g|P D1 du) 9]l
X X X
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Since (p— 1)¢g =pand 1 — é = %, this simplifies directly to:

[isvaran< (/] Fradn) (15l + ol

Dividing both sides by ([ |f + g|? du) =5 yields:

1F+glle < 11fllp+ llglls

Remark. Let f,, f € L. Then [|f, — f[loc — 0 if and only if there exist representatives
fn, f in their respective equivalence classes such that sup,cy |fn(z) — f(z)| = 0 as n — oo.
Chebyshev’s Inequality

Let p € (0,00) and f € LP. Then, for any € > 0:

_ JxlflPdu

€P

p{z € X |f(2)] > €}) <

Proof. Let € > 0. By utilizing monotonic sets, we observe:

Jpanz [ Jrduz eulte e X517 > e
X {1f1>e}

Theorem 2
L? is a Banach space for any p € [1, c0].

Proof. The case p = oo is left as an exercise. Let p € [1,00) and let (f,,) be a Cauchy
sequence in LP. By Chebyshev’s Inequality, for any € > 0:

fx‘fn fm|pd,u n,m—+00

2%

p{|fn = fil > €}) < s 0

Hence, (f,,) is Cauchy in measure. This implies there exists a measurable function f and a
subsequence (fp,) such that f,, — f a.e. as k — oo.

Fix € > 0. Choose N such that fX | fo — fm|P du < € for all n,m > N. Letting m = n; — o0,
Fatou’s Lemma implies:

/Ifn—f\pduz/ 1im|fn—fm|pdu§hminf/ o P dp < e
X Xl~>oo =00 X

for all n > N. Thus, f — f, € LP, which means f = (f — f,) + fn. € L?, and f, — f in L”.
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Comparison of L” Spaces

In general, spaces are not nested: neither P C L9 nor L? C L? if p # q on arbitrary measure
spaces.

Proof. Let X = (0,00) equipped with Lebesgue measure p. Consider the function:
f(@) =301 (@) + 27 X0 (x) (o, 8> 0)

Calculating the L" integral gives [, |f(z)" dp = fol 7" dz + [~ 27P" dz. This converges if
and only if a < % < . Thus, if we select exponents such that % <a< ]% < [, then f € LP
but f ¢ L?. Conversely, choosing o < % < p< % yields f € L? but f ¢ L”.

Proposition 3

Let u(X) <ooand 0 < p < ¢ < oo. Then L9 C LP and:

SIE
Q=

1 llp < 1Fllq 1(X)

Proof. Applying Holder’s inequality with conjugate exponents % and ﬁ yields:

Jisrvans (/. iran) ( / 1) = A )

Taking the p-th root of both sides proves the assertion.

Proposition 4
Let 0<p<qg<r<oo. Then L9 C [P+ L".

Proof. Let f € L. We decompose f = fxqs<1y + fxqy>13 = k¥ + h. Then |k| < |f| and
k| <1, s0 |k|" < |f|* € L', implying k € L". Similarly, |h| < |f| and on the support of h,
|f| > 1, meaning |h|P < |f|? € L, implying h € LP.

Proposition 5

Let 0 <p <g<r<oo Then LPNL" C L% and || flly < [fILIf]l;" where ; = £ + £,

Proof. Let f € LPNL".

i. If r = oo, then [y [f|9du = [ [fI"PIfIPdp < || fIIZP]| f||h. Taking the g-th root gives
the result with t = p/q.

ii. If 7 < oo, rewrite |f|9 = |f|"|f|"9.  Apply Holder’s inequality with conjugate
exponents % and ﬁ. The conditions require %q + u;—t)q = 1, which aligns perfectly

with the definition of ¢.
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Proposition 6 (Sequence Spaces)

If X = N and g is the counting measure, we denote # = LP(N, u). If 0 < p < ¢ < oo, then
" C 0" and ||zlq < [l

Proof. Let x € (P. For ¢ = oo, ||z|E, = sup, |z.? <>, |zn|P = Hx||g = [|2]loc < 12|,

For ¢ < oo, by interpolation (Proposition 5), ||z, < ||x||£/q||x||(1>§p/q < |lz| -

Simple Function Spaces

Define ¥ = {f € £ : f vanishes outside a set of finite measure}, where £ is the space of all
complex-valued simple functions:

E = {f:ZZjXEj :n>1,2€C, E; € X are disjoint}

Jj=1

Remark. £ C L*® and ¥ C LP for any p € (0, o).

Theorem 2.10 [Folland]

Let (X,X) be a measurable space. If f : X — C is measurable, there exists a sequence
{fn} C & such that 0 < |f1| < |fo] < -+ < |f|, fu — f pointwise, and f,, — f uniformly on
any set where f is bounded.

Proposition 7
i. £ is dense in L.
ii. 3 is dense in L if p € [1, 00).

Proof. Apply Theorem 2.10. For i, since f € L*> is bounded outside a null set, f, — f
uniformly a.e., meaning || f, — f|lc — 0. For ii, if f € LP |f, — f|P < 2PTY f|P € L. By the
Dominated Convergence Theorem, [, |f, — f|P du — 0.

Generalized Dominated Convergence Theorem

Let {f.} be a sequence of measurable functions such that f, — f a.e. Suppose there exists
a sequence of nonnegative integrable functions {g,} such that |f,| < g, a.e., g, — ¢ a.e.,
and fXgndu — fng,u < oo. Then f, — f in L.

Proof. Consider the sequence of nonnegative functions h, = ¢, + g — |f. — f|. Since

|fn — f] < gn+ g ae., h, >0 ae. Applying Fatou’s Lemma to {h,} yields:

/ liminf h, du < liminf [ h, du
D'

n—oo n—o0 X

Since f, — f and g, — g a.e., liminf h,, = 2¢g a.e. Thus:

/%M§/9@+/g@—Mmy/m—ﬂw
X X X n—0o0 X
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Subtracting 2 [, gdu < oo from both sides results in limsup,,_,, [y |fo — fldp < 0, which
ensures lim, o || fn — f][1 = 0.
The Dual of L?

Let p € (1,00] and ¢ € [1,00) with i + % = 1. For any h € L4, define the linear functional
Ty, on LP by:

1(0)= [ shin, fer

Then T, € (L?)* and || Ty [|zr)- = Ihllq = sup{| [y fhdp| - [1f], < 1}.

Theorem 4 (Riesz Representation Theorem for L)

Let p € (1,00). For each bounded linear functional 7' € (LP)*, there exists a unique h € L9
such that T'(f) = [ hfdp for all f € LP, and ||T||(zry» = ||hllq- If p is o-finite, this also
holds for p =1 and ¢ = oco.

Weak L*

Let p € (0,00). A measurable function f belongs to weak LP if its distribution function
M) = u({z € X :|f(x)| > a}) satisfies:

= (spamyy (@) < o0

a>0

1. By Chebyshev’s Inequality, LP C weak LP and [f], < || f][,-

2. Using layer-cake integration by parts, if f € LP, its norm can be computed via:
5= [ AP du=p [~ @ rs(a)da
X 0

Convolution and Smoothing

Let X = RY, X = L (the Lebesgue g-algebra), and let ;1 = m denote the standard Lebesgue
measure, so dy = dm = dzx.

Lemma 1 (Commutativity of Integrability)

Let f,g:R? — C be measurable functions, and fix zy € R%. Then,

flawo—-)g(-) € L'(RY) <= g(zo —)f(-) € L'(RY) (1)

and whenever the compatibility condition (1) holds, we have the identity:

[ tea= o) s = [ ata = s dv
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Proof. Let G : R? — R? be a global diffeomorphism (bijective with G, G~ € C'(R?)), defin-
ing the coordinate transformation x = G(y) = (¢91(vy), ..., 94(y)). By the multi-dimensional
change-of-variables formula:

[ f@yde = [ (G |det VG ()| dy.

where the Jacobian matrix VG(y) is given by:

o91(y) ... 991(y)
Oy 0yq
VG(y)=| S
99a(y) .. 994(y)
9y1 0Yq

In our specific framework, we set the translation-reflection map G(y) = 2o —y = z. The
corresponding Jacobian is:

e 0
VGy)=|. . . .| =-Ll = [detVGy)|=|-1=1
o o --- -1
Applying this transformation preserves the integration measure (dy = dz) and yields:
o= y)at)dy = [ FGw)glen - Gw) et VGl dy = [ gl = f(2) =
R R R

]

Convolution

Let f,g : R? — C be measurable functions such that the integrability condition f(z—-)g(-) €
L'(R?) holds for m-almost every & € R%. The convolution of f and g, denoted by f * g, is
the well-defined function given by:

o) = [ He=awdy= [ sle=uiwdy = (o5 Pla).

We say that (f*g)(z) is defined at any point € R? where the absolute integrand converges:

[ 15 =)l do < .

Support

Given a function f : RY — C, the support of f, denoted supp(f), is the topological closure
of its non-vanishing set:

supp(f) = {z € R?: f(z) # 0}.

We denote by C,(R%) the vector space of continuous functions with compact support.
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Lemma 2 (Convolution of Compactly Supported Functions)
If f,g € C.(R%), then their convolution f * g € C.(R?). Moreover, its support satisfies:

supp(f * g) C supp(f) + supp(9),
where A+ B={x+y:x € Ay € B} denotes the algebraic Minkowski sum.

Proof. Because f,g € C.(RY), both functions are continuous on compact sets and are thus
uniformly bounded. Consequently, the integral converges absolutely for every x € R%:

/Rd |f(z—y)llg(y)|dy < 0o Yz e R™

Hence, f * g is pointwise well-defined across all of R%.

To establish continuity, let {x,, }°°, be a sequence in R? converging to xy. Define the auxiliary
sequences h,(y) = [f(zn,—y)— f(zo—y)]g(y) and h(y) = 0. Since f is continuous, f(z,—y) —
f(zo — y) pointwise for each fixed y, meaning h,(y) — h(y) = 0 pointwise everywhere.

To invoke the Dominated Convergence Theorem, let M = || f|l~ < co. We find a uniform
L'-dominating function ¢:

()] = |[f (20 — y) = f(zo — Y)]gW)| < (1f (@0 — v)| + [ f (2o — y)Ig(y)| < 2M|g(y)].

Since g € C.(R%), the function ¢(y) = 2M|g(y)| is continuous with compact support and is
therefore integrable (¢ € L'(R?)). Applying the DCT:

i (( 9)() = (/ #9)(an)) = lim [ ha(w)dy= [ lim hu(y)dy=0.
n— 00 n—=00 [pd Rd 00
This proves f * g is continuous.

Now consider the algebraic restriction on non-zero values. If (f *g)(x) # 0, there must exist
a point y € R? such that f(x — y)g(y) # 0. This implies:

z—y esupp(f) and y € supp(g),
which yields x = (x — y) + y € supp(f) + supp(g), and thus:
{z € R: (f x g)(x) # 0} C supp(f) + supp(g).
Taking the topological closure on both sides gives:
supp(f * g) = {z € R?: (f  g)(x) # 0} C supp(f) + supp(g)-

Since supp(f) and supp(g) are compact subsets of R?, their Minkowski sum supp( f)+supp(g)
is also compact, which implies it is closed. Therefore, the closure bar can be dropped:

supp(f) + supp(g) = supp(f) + supp(g),

which confirms that supp(f *g) C supp(f)+supp(g). Because supp(f *g) is a closed subset
of a compact set, it is compact, meaning f * g € C.(R). ]

Remark.
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1. Any continuous function with compact support is automatically bounded (C.(R%) C
Cy(R%)) by the Extreme Value Theorem, since it achieves finite absolute maxima on
its compact support domain and vanishes identically outside it.

2. The standard Lebesgue measure space (R?, £, m) is o-finite, as it can be exhaustively
partitioned into a countable union of compact balls B, (0) = {z € R?: |z| < n}, each
possessing finite volume:

/2
m(B,(0)) = mnd < 00.

Proposition 1 (Convolution L? x L9)
Let p, q € [1,00] be conjugate exponents satisfying » + = 1. If f € LP(R?) and h € LI(R?),
then (f = h)(z) is explicitly defined for all x € R? and satisfies the uniform bound:

1S * hlloe = sup [(f * h)(@)] < [IfllpllAl4-

z€R4

Furthermore, f x h is uniformly continuous on R% and if p € (1,00), it vanishes at infinity:
limm_}oo(f * h) (:L‘) =0.

Proof. For any fixed x € R?, the shift-invariance of the Lebesgue measure implies || f(z —
M = Ifll,- Applying Holder’s inequality:

/Rd [f (& =y)lihy)l dy < [[F(@ = )lpllblly = 171, l1All4 < oo

Thus, the convolution integral converges absolutely for every x, and the triangle inequality
yields:

|(f *h)(2)] < /Rd [f (& =)l dy < I fllpllhlly = sup [(f + h)(@)] < (I f]pl1All,-

z€R4

Continuity Analysis:

i. Let p € (1,00), which implies ¢ € (1,00). By the density of smooth, compactly
supported functions in LP spaces, there exist sequences {f,}°%,{h,}>2, C C.(R?)
such that ||f, — fll, = 0 and ||k, — &||, — 0. By Lemma 2, each f, % h, € C.(R?).
Expanding the difference using a telescoping sum gives:

sup |(fo * hn) (@) — (f x h)(2)] < sup [((fu = f) * ha)(@)] + sup |(f * (hn — h))(2)]

zcRd z€R4 zcRd

< 1 = Sl + e — Bl
< (sup il ) 1o = 7l -+ 170l = B, 2= 0

Because the sequence of continuous, compactly supported functions f, * h,, converges
uniformly to fxh, the limit fxA is uniformly continuous. Furthermore, since each f,, *xh,,
vanishes identically outside a sufficiently large ball, uniform convergence preserves this
behavior at infinity, so im0 (f * h)(z) = 0.
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ii. Let p = 1, implying ¢ = oo, so f € L*(R%) and h € L®(R%). Let f, € C.(R?) be a
sequence approximating f in L' norm (|| f, — f|li — 0). Then:

sup | (fu* W) (@) = (f * W)@)] < [lfa — Flulblle =2 0.

z€R4

Thus, f, x h — fx h uniformly. To check the continuity of each f, x h, we invoke
the DCT on the shifted functions. Since f, € C.(RY), it is uniformly continuous,
s0 limyyq [fu(z — y) — fu(xo — y)] = 0 pointwise everywhere. Since the integrand is
dominated by 2|| f»||oc| 2 ()| Xsupp(f.) ( — ¥), the DCT gives:

xhj?o ((fn = h)(l‘) — (fn * h)(xo)) = /Rd Ilggclo[fn(x - y) - fn(xo - y)]h(y) dy = 0.

The uniform limit of these continuous functions guarantees that f * h is continuous.
O
Proposition 2 (Young’s Inequality for Convolutions - Base Case)

Let p € [1,00), f € LP(RY), and h € L}(R?). Then fxh is well-defined m-almost everywhere,
f*h e LP(RY), and satisfies:

LF Pl < (£ 1ol 2l

Proof. We use Minkowski’s inequality for integrals (the continuous integral version of the
triangle inequality):

1= ( |

") < [ ([ ore) ol

= [ 17l dy
= £l < oo,

g flx —y)h(y) dy

Fubini’s theorem implies the absolute integral [, |f(z — y)||h(y)| dy is finite for m-almost
every z, confirming that f x h € LP(R?) is well-defined with || f * h|l, < ||fl,/|2]1- O

Continuity of Shifts

For a measurable function f on R? and a translation vector z € R?, the translation operator
7, is defined as:
.f(r) = f(x +2), zeR%

By the translation invariance of Lebesgue measure, ||7,f]|, = || f||, for any p € (0, c0]. Note
that 7y is the identity operator.
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Lemma 3 (L* Continuity of Translation)
Let p € [1,00) and f € LP(R?). Then:
1. lim, o |7 f — fll, = 0, which means [g, |f(z + 2) — f(z)|P dx 2% 0.
0.

2. lim,_,, HTzf - Tzof”p = lim, ., HTZ—zof - f”p =

Proof. First, let g € C.(R?). Fix a compact neighborhood of the translation vector, say
|z| < 1. If supp(g) € Bg(0), then for all |z| < 1, the shifted support satisfies supp(7,g) C
Br11(0). We can bound the shifted difference using a uniform L? envelope:

l9(z +2) — g(@)I” < (Ig(@ + )| + |g(2)])" < (2llgllocXBrrr0)(2))" € L'(RY).

Since ¢ is continuous, lim, g |g(z+ z) — g(z)[" = 0 pointwise everywhere. Applying the DCT
directly yields lim,_ ||7.9 — g||, = 0.

Now let f € LP(R?) be arbitrary. For any test function ¢ € C.(R?), we use the triangle
inequality to insert g:

17 f = Fllp < |17 f = 7gllp + 1729 — 9l + [lg = Fll»
= I7(f = Do+ 1729 —gllp + lg = fll
=211 = gllp + [I729 = gll»-

Taking the limit superior as z — 0 gives:
limsup [|7.f = fll, < 2[f = gllp + limsup [|729 — gll, = 2[[f = gll,-
z—0 z—0

Since C.(R?) is dense in LP(R?) for p < oo, for any € > 0 we can choose a function g € C,(R?)
such that || f — g/, < §. This means:

bmsun <2 (£) =
z—0 2

Because € > 0 is arbitrary, we have limsup,_, ||7.f — f||, = 0, which implies lim,_,o || 7. f —
fll, =0. L
Standard Mollifiers

Let £ : R — R be the standard smooth bump generator, and define the radial profile
w(z) = £(|z|3) for x € RY, where |z|y = /27 + ... + 22. This construction ensures that:

W€ CP(RY and  supp(w) = Bi(0).

We define the normalized profile w(z) = cw(x), picking the scaling constant ¢ > 0 such that
f]Rd w(z)dr = 1. For any scale parameter € > 0, we define the standard mollifier w. by:

we () := e (£> , z€RL
£
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By construction, w. € C°*(R?), supp(w.) = B.(0), w.(z) > 0, and [, w.(z)dz =1 for all
e > 0.

Probabilistic Interpretation. The mollifier w can be viewed as the probability density function
of a random variable £ € R? that satisfies ||, < 1 almost surely. The rescaled function w,
then acts as the density of the scaled variable €. Expectation computations align directly
with scaling transformations:

Blf e —eo) = [ fle—cputdy= [ fla =2z = (75 w)(o)

Ra
Smoothing Theorem

Let p € [1,00) and f € LP(R?). We define the mollified approximation f. by:

fo(x) = (f *w)(w) = e flx —yw(y)dy = E[f(x — )], =€ R,

Then the following properties hold:
1. f. € LP(RY), with || f-]l, < || fllp, and f- — f in LP norm: lim. o || f- — f]l, = 0.

2. f. € C°(R?), meaning f. is infinitely differentiable with bounded derivatives of all
orders.

3. For any multi-index v = (7,...,74) with order |y| = v + ... + 74, the differential
alvl

5Tt a0 distributes onto the mollifier:

operator D7 =
Dde) = [ Dl = )(0)dy = (D) < ) @), w € R

Proof.

1. Applying Proposition 2 with [lw.[ly =1 gives || f|l, = [|f * we|lp < [[fllpllwells = £
To prove norm convergence, we exploit the identity fRd we(y)dy = 1 to rewrite the
difference:

|[fe(z) = f(z)| =

[ @ =0 = falwnds| < [ 1eu5@) - @) dy

Taking the LP” norm and applying Minkowski’s inequality for integrals yields:

o= 71 < [ Nread = Flets) dy

Since w,(y) vanishes outside B.(0), we can restrict the integration domain and bound
the integrand by its supremum over that ball:

If = fll, < / o (Sup Iy f = f||p> we(y) dy = sup |7y f = fllp-

ly|<e ly|<e

By Lemma 3, lim._,o (supy, <. [|[7-yf — flp) = 0, which proves that lim._ || fz — fl|, =
0.
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2. The infinite differentiability follows from Leibniz’s rule for differentiating under the
integral sign, which is justified because w. € C>°(R?) has bounded derivatives of all
orders.

3. Let ¢ € [1,00] be the conjugate exponent of p. Because w, € C®(R?), taking any
partial derivative preserves smoothness and compact support, so DYw. € C>®°(R?) C
L4(R%). Applying Proposition 1:

sup |D7fe(z)] = sup |(D"we) * f)(2)] < [[f]lpll D7 wellq < oo

z€R4 z€R4

This confirms that every derivative is uniformly bounded, so f. € C{°(R?). O]

Representations of Positive Linear Functionals
A linear functional ¢ : C'(X) — R is positive if £(f) > 0 whenever f > 0.

Remark. If f > g, then ¢(f) > {(g) for a positive functional ¢. In fact, ¢ is positive if and
only if this property holds.

Proposition 2 (Boundedness of Positive Linear Functionals)
If ¢ is positive, then ¢ € [C(X)]*.
Proof. Let f € C'(X). Then we can bound f by its uniform norm:
—flle < f < Mflle = =[f 1) < 0) < 1F ) = 1N < )N f -

This immediately implies continuity with respect to the supremum norm. O

Definition

Let p be a Borel measure on a metric space X, and let A € B (the Borel o-algebra). We say
[ 1s:

i. Quter reqular on A if

u(A) =inf{p(U) : U D A, U is open}

ii. Inner reqular on A if

p(A) = sup{u(K): K C A, K is compact}

iii. Regular if p is both inner and outer regular for all £ € B.
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Theorem 1 (Riesz Representation Theorem for Positive Linear Functionals)

Let ¢ : C(X) — R be a positive linear functional. Then, there exists a unique finite Borel
regular measure p on X such that:

un)= [ ran vrecw)
X
i. For any open set U C X,
w(U) = sup{e(f) - [ < U} < £1) = p(X)

and consequently,

1) = [ 1du=p(x),
ii. For any compact set K C X,
p(K) = mf{l(f) : f = xx, f € C(X)}.

Note. For an open set U C X, its indicator function satisfies:

xv(z) =sup{f(z): f < U}, VzrelX.

Comment. Statement i implies statement ii: if K is compact, then its complement K€ is
open, So we can write:

p(K) = p(X) — u(K°)
= ((1) —sup{{(f) : f < K}
= ((1) —sup{((f) : 0 < f < 1, supp(f) € K}
=inf{l(1—f):0< f <1, supp(f) C K}
> inf{l(g) : g > xx, g € C(X)}.
For f with supp(f) C K¢, f is zero on K since K and supp(f) are disjoint. Thus, 1 — f > 1

on K because f =0 on K, and 1 — f > 0 everywhere since f < 1. Therefore, 1 — f > yg,
where Y is the indicator function of K.

Proof. Uniqueness. Let p1 be a finite regular measure satisfying ¢(f) = [ fdp. Let U C X
be open. By the note above,

MU%iAhMZmeU%f<U}

Let K C U be compact. By Urysohn’s Lemma (Proposition 1), there exists f < U such that
flx = 1. Then,

MMSijzaﬁ
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— u(U) =sup{p(K") : K' CU, K" compact} < sup{l(f): f=<U}
= pu(U) =sup{l(f): f < U}, which is exactly i.

Why does it imply uniqueness? Suppose there were two measures p; and ps representing £:

(4= [ ram= [ fam vrecrn)
b be
For any open set U, both u;(U) and ue(U) must satisfy:

wi(U) =sup{l(f): f<U}, i=1,2.

Since the right-hand side depends only on ¢, we must have:

i (U) = pa(U).

Thus, py and ps agree on all open sets. The measure p is outer regular, meaning for any
Borel set £ C X,
u(E) =inf{u(U) : U D E, U open}.

Since pp and ps agree on open sets, they must assign the same measure to any Borel set E:
pi(E) =inf{u,(U): U 2 E} = inf{ua(U) : U D E} = us(E).

Hence, p1 = po on the entire Borel g-algebra. In short, open sets generate the topology of
X, and their measures are uniquely specified by ¢. Since p is outer regular, its values on
arbitrary sets are determined by its values on open sets.

Ezistence. We begin by defining the measure on open sets and then constructing an outer
measure:

w(U) == sup{l(f): f < U} for U C X open.
pw(E) :=inf{u(U): U O E, U open} for £ C X.

Claim 1. p* is an outer measure.
An outer measure must satisfy:
L. p*(0) = 0.
2. ACB = p*(A) <p (B).
3 (US, Ba) < S0, 1 (B).

(M) = 0 because () is covered by itself, and u() = 0. If A C B, any open cover of B also
covers A, so the infimum for A is over a larger set of covers, so u*(A) < p*(B). Thus, it is

enough to prove that
i <U Un> < Z,u*(Un) for U,, open.
n=1

The key observation is that open sets can be used to approximate arbitrary sets when defining
the outer measure. There exists f < |J —, U, = U such that ¢(f) > p (U ~, U,) — € for
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a given € > 0 since pu(U) = sup{l(f) : f < U}. Since every open cover of a compact set
has a finite subcover, there exists N such that supp(f) C Uf:;l U,. By a partition of unity
argument (Corollary 1), there exists f,, < U, such that

()

Applying the functional gives:

N
=1, and thus f = Z(fnf)
n=1

supp(f)

u(U%) SUf)+e= D U] +e< | D oulU)]| +e

Hence p* is a valid outer measure.
Claim 2. p has a finite regular Borel extension.

By Carathéodory’s theorem, p* is a measure on the o-algebra F of all A C X satisfying the
condition:

pw(E)>p (ENA)+pu (E\ A) for all E C X. (2)

We now show F contains all the open sets of X, i.e., U € F if U C X is open. If this is the
case, F contains B and p can be extended to a measure on B.

Let U C X be open. Equation (2) holds if E' itself is open. In this case, ENU is open, so
there exists f < £ N U such that £(f) > p(ENU) — 5 where € > 0. Similarly, there exists
g < E '\ supp(f) such that:

Ug) > p(E\supp(f)) - 5.

Then, f 4+ g < E since supp(f), supp(g) C E. Therefore:

p(E) > L(f +g) = L(f) + (g)

> u(ENU) — % + w(E \ supp(f)) —

> u(ENU)+p (E\U) —e

DO | ™

Now, we prove Equation (2) holds for an arbitrary set £ C X. For all € > 0, there exists an
open set £ D FE such that:
p(E) = w(E) —e

which implies:
W(E) 2 W(B) — e (ENU)+p (BE\U) —e2 p (ENU) + p"(B\U) — e
Since p(U) < £(1) < oo for all open U C X, p is guaranteed to be finite.
We define for any subset £ C X by:
p'(E) =inf{u(U) : U O E, U open}.

This ensures p* is outer regular.
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Why Outer Regularity on the Borel o-Algebra Implies Inner Regularity (in a Compact
Space)? Let A € 2" be a Borel set. Since u is outer regular, for the complement A€, there
exists an open set U D A€ such that:

p(U) < u(A€) + e for any € > 0.

Since U O A€, its complement K = U*€ satisfies K C A. In a compact space, closed subsets
are compact, so K is compact. From pu(X) = pu(A) + p(A°) and u(U) < p(A°) + €, we have:

p(K) = p(U°) = p(X) — w(U) = p(X) — (u(A°) +€) = p(A) — e
Since K C A, this shows:
p(A) < u(K)+e <sup{u(K'): K' C A, K' compact} + e.

Taking € — 0 gives:
u(A) <sup{u(K): K C A, K compact}.

The reverse inequality (>) is trivial since u(K) < u(A) for K C A. Thus,
w(A) =sup{u(K): K C A, K compact}.
We conclude p is inner regular. Since p is both outer and inner regular, p is regular.
Claim 3. [, fdp = £(f) for all f € C(X).
Let 0 < f <1, feC(X). Let N > 1. We can partition the range of f:

N
F=2 Pepereg

n=1
ol n—1 n—1

=2 |- N )Xt Xgt<i<i

n=1
which yields:
al n—1 1 al
f= Zl (f— N )X{";lgsz} +NX{ZSf}} =D fn

n= n=1

where each f,, € C(X).

Let us unpack the simple function approximation:
N

n—1
> N (X{"T_lﬁf} - X{%Sf}>
n=1
1 N
=5 2= (Xpmiep — Xiz<n)
n=1
1 -
=5 b (X{ﬁg} B X{%Sf}) o+ (V=1) (X{%gf} B X{%sﬁﬂ
1 -
= % [Xh<n — X(z<n T2z ~ Az <pn T~ V= Dxgaep)
1 -
=5 Xig<n TXzep - T xpaagy - (V1) <) -
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Since (N — 1) - (Nepy = 0 is handled carefully across the sets, we have:

2\:

N oo s
Z (X{"—;Sf} - X{%Sf}> =N > Xqzeny
n=1

n=1

2

For each n, the continuous components f, satisfy:

1

n—1 1 1
Xpptepsgy FpXG<n = FXG<n S IS gXegagy

e

By using statement ii, we can bound the measure of these sets:

y ({x : % < f(:c)}) < NU(f,) < ({x : ”];1 < f(rc)})

Summing from 1 to N gives:

%iu(%gf) sié(fn)S%Zu("];l §f>.

Focus on the right-hand side (RHS):

N 1 n—
SZN“(
n=1

We can expand each term sequentially:

u(n];lSf)=2u<%§f<%)+u(f21)‘
k

Since f < 1, the boundary term vanishes, so:

N

AR N )

Substitute this back into the RHS sum:

>3 (e n) X (Bt e b
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The second sum represents the full support:

%ZNI ( _f<—)=%u(f>0)

because the sets &L < f < ~ form a disjoint partition of {f > 0}.

Combining both bounds, we trap the functional value:

N N
Zn];lu(”];l §f<%) stf(f)s;”];lu("_l _f<—>+%u(f>0)-

n=1

The left-hand side is the lower Riemann sum and the right-hand side is the upper Riemann
sum. As we integrate via Riemann sums and let N — oo, both sides converge to the same

integral:
[ ran=en) /fw
Therefore, [, fdu = £(f) holds for all f € C'(X) O

Corollary 2 (Regularity of Finite Borel Measures on Compact Metric Spaces)
Let X be a compact metric space. Then, any finite Borel measure 7 is regular.

Proof. Let ((f) = [, fdy for f € C(X). Since v is a standard measure, ¢ is positive. By
Theorem 1, there exists a regular finite measure p such that:

:/ fdu:/ fdy VfeCX).
X b's
Let K C X be compact and define the closed sets:

1
Fn—{xeX:p(x,K)z—} Vn > 1.
n
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We show that the complement F¢ = {z € X : p(x,K) < 1/n} is open: Take any = € F¢,
meaning p(z, K) = d < 1/n. By definition of infimum, there exists y € K such that
p(x,y) < (1/n+d)/2. Now, consider the open ball B(x,r) where r = (1/n —d)/2 > 0. For
any z € B(z,r), by the triangle inequality:

1/n—|—d_1/n—d+1/n+d_
2 2 2

p(z, K) < p(z,y) < plz,2) + p(z,y) <7+ 1/n.

Thus, p(z, K) < 1/n, so z € F¢. Since every x € F¢ has an open neighborhood entirely
contained in F, F¢ is open, and hence F,, is closed.

By Urysohn’s lemma, there exists continuous functions f,, : X — [0, 1] such that f,|x =1
and f,|r, = 0. Note that f,(z) — xx(z) pointwise for all x € X. By the Dominated
Convergence Theorem:

/anduzfxfndv — u(K) = A(K).

Therefore, v matches the regular measure p on compact sets. For an open set U, comple-
mentation gives:

Y(U) = v(X) =v(U°) = u(X) — u(U°) = u(U).

Let A € B and € > 0. Since p is regular, there exists open and compact bounds U, 2 A O K,
such that:
p(U N\ Ke) <e = ~v(U,) <y(K.)+e<7y(A) +e.

Hence, ~ is outer regular on A. Similarly,

M(Ke) > M(A) —€ = ’Y(Ke) > 7(‘4) - ¢
Thus, ~ is inner regular. We conclude ~ is fully regular, meaning v = p identically across
the entire o-algebra. O]
Lemma 2 (Jordan Decomposition of Linear Functionals)
Let ¢ € [C(X)]*. Then, ¢ = ¢, — {5 where ¢, and {5 are positive linear functionals.
Proof. Define the positive cone P = {f € C(X): f > 0}. For any f € P, define:

(f) =sup{l(g) :0<g< f,geC(X)}.

Note that ¢1(f) > 0 since we can choose g = 0 in the supremum. We first show that ¢; is
linear on P. For any f, f' € P and ¢ > 0, we check:

Forany 0 <g< fand 0<g¢ < f/', wehave 0 < g+ ¢ < f+ f/, and thus:

Ug)+0g)=Llg+g) <hL(f+]f).
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Taking suprema over g and ¢’ independently gives ¢1(f) + (1(f") < 61(f + f'). For
the reverse direction, given any 0 < h < f + f’, we can decompose h = u + u' where
0<u< fand0<u < f by setting u = min(h, f) and v’ = h — u. Then,

((h) = £(u) + £(u') < (2(f) + G(f).

Taking the supremum over h gives (1(f + f') < l(f) + G1(f").
2. Homogeneity. {1(cf) = cli(f).

fi(ef) = sup{l(g) : 0 < g < cf} = sup{L(ch) : 0 < h < f} = esup{€(h) : 0 < h < f} = cta(f).

We now extend ¢; linearly to the entire space C'(X). Any f € C(X) can be split into positive
and negative parts: f = f; — fo where fi, fo € P. We define:

G(f) = b f) = G(fa).
If f=fi— fo=f — f5, then rearranging gives f; + f} = f| + fo. By additivity on P:

G(f) +0(fs) = G(f) +0(f) = () —a(f2) = G(f) — G(fy).

Thus, the extension is well-defined. Finally, define ¢, := ¢; — £. To see that {5 is positive,
observe that for any f > 0:

C(f) = u(f) = £(f) = sup{l(g) : 0 < g < f} —£(f) = £(f) — £(f) = 0.

Thus, ¢; and ¢y are both positive linear functionals satisfying ¢ = ¢ — (5. O

Proposition 4 (Density of Continuous Functions in I Spaces)

Let X be a compact metric space, p be a finite regular Borel measure, and p € [1,00). Then,
C(X) is dense in LP(X, p).

Proof. Since simple functions (X) are dense in LP and the measure is finite, it suffices
to approximate the indicator function yg of an arbitrary Borel set F € B by continuous
functions.

Let € > 0. Since p is regular, there exist a compact set K. C FE and an open set U, O F
such that:

€ €
WU < p(E) + 5, p(Ke) > p(E) = 5.
Subtracting these inequalities gives:

U\ Ke) = w(Ue) — p(Ke) <e.

Since K. C E C U,, Urysohn’s Lemma allows us to construct a continuous function f such
that f =1 on K., f = 0 outside U, and 0 < f < 1 everywhere. The difference |xg — f| is
nonzero only on the symmetric difference region U, \ K., because:

e On K, xg=1and f=1,s0 |xg— f|=0.
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e Outside U, xg =0and f =0, s0 |xg — f| =0.
e On U\ K., |xg — f| <1since 0 < f <1and xg € {0,1}.

Therefore:
/’XE—f\pdué/ ldp = w(U.\ K.) < e.
X Uc\Ke

Since simple functions are dense in LP, and we can approximate any simple function com-
ponent by continuous functions, we can approximate any general LP-function by continuous
functions. Thus, C'(X) is dense in LP(X, u). O

Lusin’s Theorem

Let X be a compact metric space and p be a finite measure. Let f be a bounded measurable
function on X (|| f]lec < C). Then, for all € > 0, there exists g € C(X) such that u({f #
9}) < €. Moreover, ||gllsc < sup, |f(z)], and 0 < g <sup, |f(z)]if f > 0.

Proof. By Proposition 4, since C(X) is dense in L'(X,u), there exists a sequence of
continuous functions {f,} C C(X) such that f, — f in L', which implies a subsequence
converges to f almost everywhere. Since f,, — f almost everywhere and p(X) < oo, Egoroff’s
Theorem guarantees that for any € > 0, there exists a measurable set A C X such that:

€
and f,, — f uniformly on A. Since pu is regular from Corollary 2, for this set A, there exists
a compact subset K C A such that:
€
MANE) < 5 = p(X\EK) = p(X\A) + u(A\ K) <

+ — =€

DO ™
N

Since f, — f uniformly on A, and K C A, the restriction f|x is continuous as a uniform
limit of continuous functions. By the Tietze Extension Theorem, since K is closed in X and
X is a compact metric space, there exists a continuous function g € C'(X) extending it over
the whole space:

glk = flk, supg=supf, infg=inff.
X K X K
By construction, f = g on K and pu(X \ K) < e. Therefore:

{reX:f(x)#9(x)} CX\K = u({f#9}) <uX\K)<e

Since g is an extension of f|x, and f is bounded by C', we obtain:
|g9(z)| < sup|f] < sup|f|=C.
K X

If f >0, then g > 0 holds everywhere since infx g > infx f > 0. O
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Proposition 5

Let X be a compact metric space, and 4 be a finite signed measure. Let ¢,(f) = fX fdu for
fe C(X). Then, ¢, € [C(X)]" and [[fu]lico)- = [I(X) = [|ul]

Proof. By standard integration inequalities, since p is a finite signed measure, we know
lu € [C(X)]" and [|€,]] < [[u]].

Let DT, D~ be the disjoint components of the Hahn decomposition such that d|u| = xp+du—
Xp-dp and dp = (xp+ — xp-)d|u|- Let p = xp+ — xp-, noting that |p| = p> = 1.

Let € > 0. By Lusin’s Theorem, there exists ¢ € C(X) such that |u|({p # g}) < € and
Hg||Oo < 1. We compute the action:

%(g):/gduz/gpdlul
X X
=/ gpdluH/ gpd|ul
{g=p} {9#p}

=/02d|u|—/ 02d|u|+/ gpd|ul
X {g#p} {9#p}
> |ul(X) = e — e = |ul(X) — 2

This follows from the fact that:

0< / p*dlp| = |ul({g # p}) < e
{9#p}

and
/ gpd|pul S/ lgpld|pu| < / dlpl = ul({g # p}) <e = / gpdlp| > —e.
{g#pr} {g#pr} {g#pr} {g#pr}
Therefore,
[ull = 1€u(9)] = £u(g) > |pl(X) — 2e.
Taking € — 0, we confirm ||/, = ||| O

Notation. Let M(X) be the space of finite signed Borel measures equipped with the total
variation norm ||| = |u](X).

Theorem 3 (Riesz-Markov-Kakutani Representation Theorem)

Let X be a compact metric space. Then, for every ¢ € [C(X)]*, there exists a unique finite
signed measure p € M(X) such that:

(0= [ ran vrecw),
X
Moreover, ||€H[C(X)]* = ||l ar ()
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Proof. Let ¢ € [C(X)]*. By Lemma 2, we split the functional into positive components:
¢ = {1 — ly. Applying Theorem 1 to each component gives unique finite regular positive
measures fi1, 2 such that for all f € C'(X):

el<f>=/deu1, and fz(f)zfxfduz-

Taking the difference:

() = /X Fd(un — pa) = /X fdu VfeCX)

where = py — po. The fact that p is a finite regular signed measure and is unique follows
directly by adapting the uniqueness proof from Corollary 2. Finally, Proposition 5 ensures
that [|£]] = |l O

Schwartz Space of Functions with Rapid Decrease
From Fourier Series to Fourier Transform

1. Let T > 0. Then, the family {\/Lz?em%‘” ‘n € Z} is 27-periodic and forms a complete
orthonormal system (CONS) in L*([-T,T1]) (for complex-valued functions).

2. If h € L*([-T,T]), then its Fourier series expansion converges in L*([-T,T)):

o T

inm 1 inm
h(z) = Z cpe T® with ¢, = 7T Th(x)e_ 7 dx.

Moreover, Parseval’s identity holds:
T o0
/ h@)Pdr=2T 3 Jedf?
-T n=—oo
Proof. First, we compute the L? norm squared of h:

[ pwpra= [ ap@a,

=T =T

Substituting the Fourier series representations for h(z) and h(x) yields:

T o0 00
inTr:C _im‘/rx
/ cpe T E Cme~ T dz,
-7

n—=——oo m=—0oQ

Rearranging the terms, we obtain:

/ E E CnCme T “duz,
=T

n=—000 Mm=—0o0
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By Fubini’s theorem, we can interchange the summation and integration:

'L(n m)Tr
> Y m

n=—000 m=—0o0

The exponential functions form an orthogonal system. When n # m, we have:

T T
i(n—m)m m)Tr T i(n—m)m
RS - S

7 im(n —m) o

When n = m, the integral becomes:

T T
/ eodx:/ 1dz = 27T.
_T -

Therefore, only the diagonal terms survive, and we get:

o0

Z cnCy - 2T = 2T f: len .

n=—oo n=—oo

]

. Let f € C°(R) such that f(x) = 0 for || > R > 0. Then, for any 7" > R + 1 and
|z| < T, we can view f as a 2T-periodic function and expand it as:

1 (7 I

f@)=> 5= fw)e Sy = YT s [ e dy et

1 N ;_n
f@)= 3" 55 (57) €%, forfal < Tand T > R+ 1,

n=—oo

By Parseval’s identity applied to the interval [T, T7:

[ [ swras- g 3 |7 () TR

[e] -T

For any fixed x € R, taking the limit as 7" — oo yields:
fla) = Jim 30 57 (gp) e = [ gera

T—o0
n=—00

Similarly, for the L? norm, we consider the sum for finite 7' > R + 1:

[iwra= s ()]
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Since f has compact support within [—R, R|, whenever T > R + 1, we have:
00 T
| ierar= [ jf@pds
—00 =T

Setting &, = 5% and A = -L the right-hand side can be rewritten as:

27
[e§)

F) o= 3 IR Ac

n=—oo n=—0oo

This expression is precisely a Riemann sum for the function | f(€)[? over the entire real
line. As T — oo, the grid spacinAg A¢ = % — 0, rendering the partition infinitely fine.
Under these conditions (which f naturally satisfies since it is the Fourier transform of
a smoothly compactly supported function f € C°(R)), the Riemann sum converges

to the integral:

Jm S I as = [ I a

n=—oo

Thus, we establish the inversion formula and Plancherel’s theorem for C°(R):

o0 o0

f@)= [ ferea ser wd [ japa= [T IfoRd

— 00 —00

Fourier Transform

The Fourier transform of f € C°(R) is defined as:

f(f) = (Ff)) = /_OO flx)e ™™ dy, ¢ €R.

The inverse Fourier transform of g € C°(R) is defined as:

(Flg)(x) = / T gOe e, zeR

oo

Consequently, we have F1Ff = f. Note that (F~1f)(x) = A(—x) for any x € R, which
shows that F is a unitary operator. It turns out that F(C°(R)) C S(R), where S(R) denotes
the Schwartz space of rapidly decreasing functions, and F : S(R) — S(R) is a bijection.

Space of Functions of Rapid Decrease
On R, the Schwartz space is given by:

S(R) = {f € C*(R) : suﬂg(l + |2))Nf™(z)| < oo for all N,n € NO} :

S

To generalize this to higher dimensions, let f,g : R? — C. For a multi-index
a=(ay,...,aq) € Nd we define:
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la] = a1 + -+ - 4+ a4 (the total order of differentiation),

9 = —2°L__ (the total derivative operator),

= B0std
e ol = aq!---ay! with 0! =1,
o % =gyl for x = (11,...,24) € RL

Product Rule (Leibniz’s Formula)
ol
0*(f9) = ) z7——=70"f 07,
79 = 2 a5y
where [ < « signifies that 8, < ay for each k=1,...,d.

Schwartz Space

For a € Nd and N € Ny, we introduce the family of seminorms:

|flva = sup (1 +[])"]0° f(2)].

zcRd

The Schwartz space of rapidly decreasing functions on R? is then defined as:

S=SR"={f€C®RY):|f|lya < oo foral N €NpaecNj}.

Basic Properties

1. The condition |f|ya < oo is true if and only if there exists a constant C, y > 0 such

that:
Ca,N

m fOI' all x € Rd.
xT

0% f ()| <

2. C=(R%) C S(RY).

3. As an example, the Gaussian function e 1> € S(R?), but e~ ¢ C(R?) because its
support is not compact.

Seminorms and Convergence

1. Each |- |y, constitutes a seminorm on S:

’f + g‘N,a S ’f’N,oz + ’g’N,aa |&f‘N,a = ’aHf‘N,a-

Note that |f|y. = 0 does not individually imply f = 0.
2. A sequence fj, € S converges to f € S (denoted fr — f in S) if:

|fi — fINa =0 ask — o0 forallNENo,aeNg.
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3.

4.

For N € Ny, we can define a directed system of norms on S:

= max o = max sup (1 + |z|)V|0* .profile
i = ma o = s sup (1 + Ja V[0 o) orof

These norms are monotonically increasing in NV, meaning | f|n) < [ f|v+1)-

The topology of S(R?) can be fully structuralized via the translation-invariant metric:

K

p(f,9) =" 27V min (|f — gl 1)

2
Il

1

Structural Properties of S(R?)

-~ W o

If feS, then 0¢f € S for any multi-index «.

If f,g € 5, then their pointwise product satisfies fg € S.
If f €S, then Pf € S for any polynomial function P(zx).
If f €S, then f € LP(R?) for any p > 0.

Proof. For p = oo, the statement follows directly from the definition of the space.
For 0 < p < 0o, we write:

fubsepas= [ (o1 ®) G < i, [, e <

0
If f,g € 5, then their convolution f*xg € S.

Proof. By the differentiating properties of convolutions, we have:
O (fxg)(@) = | 0°f(z—y)g(y)dy.
R

Using the submultiplicative inequality 1+ || < 1+ |z —y|+|y| < (1+ |z —y|)(1+|y]),
we find:

(1+ |20 (f * g)(@)] < /Rd(l + e —y) 0% f@ = w1+ [y)VIg(y)] dy

dy
< / 1 N4+d+1
< fly. / (D o) s
dy

< olal’ — < 0.
< |f|N |9|N+d+1,0 /Rd (1 n |y|)d+1 o0
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Continuous Linear Functionals on S
A linear functional T : S(RY) — C is continuous with respect to the metric p if and only if:
There exist constants C' > 0 and N € Ny such that |T'(f)| < C|f|) for all f € S.

Proof. (=) Assume T is continuous. Since T is linear and continuous at zero, for any € = 1,
there exists a 0 > 0 such that |T'(f)| < 1 whenever p(f,0) < 25. We observe that:

oo Ny [e’e)
p(£,0) = 2 min{L, [fln} < D2l + Y, 27N < [l 27
N=1 N=1 N=No+1
Choose Ny € N large enough so that 27V < §. Now, pick any non-zero g € S, and scale it

by defining [ = Wg. Then | f|(ny) = 6, which implies:

p(f,0) < |flngy +27 V0 <64+0=20 = |T(f)| <1

By substituting back the relation between f and g using linearity, we conclude:
4] 1
T{r9)|=1 = [T = 5l9low)-
|g|(N0)

Setting C' = % completes this direction.

(<) Conversely, suppose there exist C' > 0 and Ny € Ny such that |T'(f)| < C|f] () for all
feS. Let f,, = fin S. Then by definition, |f, — f|x,) — 0 as n — oco. By linearity, we
have:

T(fo) =T =T(fa = HI < Clfa = flivg) = 0.
Thus, T(f,) = T(f), proving continuity. H

Corollary 0

A linear functional 7' : S — C is continuous if and only if there exist a constant C' > 0, finite
collections of multi-indices ay, . .., a,, € Nd, and integers Ny, ..., N,, € Ny such that:

T(f) <C> | flnye, forall f€S.

k=1

Fourier Transform on S(R?)

i. Given f € L*(RY), its Fourier transform Ff = f is defined by:

FIO=1© = | fle ™ de, R

where x - & = & + - - - + x4€4

ii. Given g € LY(RY), its inverse Fourier transform F'g is defined by:
Flgle) = [ g©erids, e Rl
R4
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Basic Properties of F and F~!
a. Ff(¢) and F~1g(z) are bounded, uniformly continuous functions.
b. F and F~! are linear operators.
c. [Fflle < Ifllpr because |[Ff(E)] < [pa | f(2) da.
& |7 gl < llgllie.
e. Flg(x) = Fg(—x) for all x € R%

f. Distributional derivatives transform as 0° f (&) = (i2m€)™ f(€).

Properties of Fourier Transform
Property 1

If f €S, then for any multi-index o € N&:
0°f(€) = (i2m€)° (&) = (i2m)\*Ief - 5 ().

Proof. Consider the case d = 1 and o = 1. We want to show f@(g) = z'27r£f(§). Using
integration by parts:

F(e) = / F@)e 2 do = tim [ | f@)e i de

n—o0

= lim [f( _’2”5 _n / f(z i27r§e_i2m5) dx.

n—o0

Since f € S, lim,_,o f(£n) = 0, so the boundary terms vanish, leaving:

—

FO©) =0+ izné [ flaye ¥ dn = i2mef(6)
The general result follows by iterating this process for each partial derivative. O

Example
Let Au(z) = 22:1 %u(x) be the Laplacian of u € S. Find @(f)

Each operator 22 matches a multi-index o = (0,...,2,...,0) where 2 is in the k-th position.
Applying Property 1:

k=1 k=1
d
= a(€) (—WZ@%) = —4r|¢[*a(S)
k=1



Property 2
1. Let f € S and y € RY. Then shifts transform into modulation:

F+y)(€) = eV f(¢).
Proof. Using the substitution z = x + y with dz = dax:

fe+9)©) = flx+ye ™ dr = f( Jem2m=U €

Rd

_ 127ry§ f( ) —i27z-& dz = ez27ry~£f(€)‘

O
2. Let f € Sand 6 € R\ {0}. Dilation transforms inversely:
FEe =1 ().
Proof. Using the change of coordinates z = dz, we have dz = |§|?da:
Fo)e) = [ e mtan = [ e ot =147 (5).
O

Example

Let f € S such that [, f(z)dxz # 0. Show that:

ey )0 §#0,

IR S,

For any § # 0, Property 2b gives ]f(é (&) =19 ‘ (%) ’ Since f € S, it is bounded by its
seminorms:

. C )
[f(&)] < EGIES where C' = [f|a11,0-

When £ # 0, we can manipulate the expression:

701 = ()7 (6] < g () e s 0 ass o

When £ = 0, the expression simplifies to:

F(8)(0)] = 8] f(0)] = o0 as § — 0,

since f fRd x)dz # 0. This highlights the reciprocal relation between physical scale
and frequency scale under dilation.



Property 3
If feS, then f € C>=(R?) with all derivatives bounded, satisfying:

0°f(¢) = §(&) where g(x) = (—i2rx)’f(z) €S, BeN.
Proof. Differentiating under the integral sign (justified by the rapid decay of f):

7f (&) = f(x)a—ﬁ
e’ OEP

(e—i%w'i) dr = f(gu)(—1'271'x)56_i2m'E dz = g(&).
R4
Proposition 1

The Fourier transform maps the Schwartz space into itself continuously, F : S — S.

Proof. Let f € S. By Property 3, f e C=(R%). To verify f € S, we must show that
SUPecra |£20° f(€)| < oo for all o, 5 € Ni. We write:

§*0°f(€) = (izm) "l (i2m€)*0° £ (€)
= (i2m)7lel(i2m€)*g(¢)  with g(x) = (—i2rx)’f(z) € S.
Applying Property 1 to the function g € S, this becomes:
£07f(€) = (i2m) g ).
Taking the supremum over all frequencies ¢ € R%:

sup |€20° ()] = (2m) 71 sup |9g(€)] < (2m) 10| 12 < o0,
£eRd £eRd

where the L' norm is finite since 9% € S ¢ L*(R%). Thus, f € S. O

Proposition 2

Let f,g € S. Then [ g(§) = f(£)4(¢).
Proof. By expanding the definition and applying Fubini’s Theorem:

TYGE /R e flx—y)gly) dye ™ da

/ ( fla —y)e Bremwe dm) gly) e ™ dy.
RE \JRA
Setting z = x — y with dz = dx inside the inner integral yields:

o= [ ([ roe=ta) gmeviay = i) - ate)

Fubini’s theorem is fully applicable because:

/ / @ —)llg(w)] dyde = [[fllz gl < oo.
Re JRd
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Proposition 3

Let f,g € S. Then the following dual identities hold:

5 f(2)g9(z)dz = 5 F()ay) dy,

F () (2)g(2) dz = » FW)F (9)(y) dy.

Rd

Proof. Using Fubini’s Theorem to change the order of integration:

[ Feuerae= [ ([ foemay) o i

= [ ([o@remmas) smar= [ awrwan

This is valid since f,g € S C L'(R%), meaning:

[ 150l dydz = U7l < .

An identical argument swapping e~ 2™* for ¢®7¥* establishes the 7! identity. O

Inverse of Fourier Transform

Theorem 1

Let f € S. Then F'F(f)(z) = FF'(f)(x) = f(z) for all z € R%. In particular,
THE) = [ J©)erede = ().

Consequently, both F, F~1 : S — S are bijections.

P'roof Let f € S. We first prove the inversion identity at the origin x = 0, i.e., f(0) =
f]Rd €)dé. Let k(z) = e ™*° be the standard Gaussian, whose Fourier transform satisfies

k:(y) = e = k(y). For any § > 0, by the Lebesgue Dominated Convergence Theorem:

[ 160k — 1) [ Fo)ay = £0) as3 =0,

Rd

Applying Proposition 3 to the left-hand side:

[ s /f ) de

= /Rd §4f <§> k(&) d¢  (by Property 2b)

6 f(2)k(62)6%dz  (substituting z = %, d¢ = §6dz)

I
T

f(2)k(62) dz.

I
T
(o9
N
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By the Dominated Convergence Theorem, as § — 0, k(6z) = e~ ™1 — k(0) = 1 pointwise,
S0:

lim f( Vk(02)dz = f(z) -1dz = f(2)dz
0—0 R4
Equating the two limits gives f(0 fRd

To extend this to a general point y € Rd, we define a shifted function f,(z) = f(z + ),
which also belongs to S. Applying the origin inversion formula to f,:

Fly) = £,(0) = / F(f,)(€) d¢

/ f(€)e?™v e (by Property 2a)
()

This establishes F~1F(f) = f.

To prove FF(f) = f, we recall that F~lg(z) = Fg(—z). Let f(x) = f(—z). By change
of variables:

Fl @)= | JEetde = | f(=z)e™*" dz = Fi(x).

Thus, substituting this structural relation:

FF M) = FF) @) = FHF(=2) = f(=2) = f(~(~z)) = f(2).

Analysis of the Dominated Convergence Theorem (DCT) Steps
1. First Use of DCT in the Proof.

” f(éy)]%(?ﬂ dy — f(0) as o — 0.

e Pointwise Convergence: Since f € S, it is continuous everywhere, meaning
f(dy) — f(0) as § — 0 for each fixed vector y.

e Dominating Function: Because f € S, it is bounded globally by a constant
M = ||f|lge- Thus, |f(6y)k(y)| < M|k(y)|. Since k(y) = e ™¥* is a integrable
Gaussian function, it serves as a valid dominator.

2. Second Use of DC'T in the Proof.
JK(6€) A — | f(€)dE as 6 — 0.
Rd Rd
e Pointwise Convergence: k(6€) = e ™ " — ¢0 =1 as § — 0 for each & € R?,
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e Dominating Function: Since k is a Gaussian, |k(0¢§)| < 1 for all §. This yields
the bound |f(£)k(d)| < [f(€)]. Since f € S, Proposition 1 ensures that f € S C
L*(RY), making f its own integrable dominating function.

3. Significance of the Schwartz Space S.

e Functions in S decay rapidly: Both f and f decrease faster than any inverse
polynomial, which natively guarantees absolute integrability over R

e Standard Gaussians k(x) = e ™ act as perfect smoothing multipliers: they
are smooth, self-dual under F, and guarantee convergence margins in integral
dualities. Without the rapid polynomial decay inherent to S, uniform integrable
boundaries might fail.

O
Plancherel’s Equality
For f € S, fRd |f(z)]?da = fRd \f (O)2dE, so || fllze = HJ?HLQ where L? = L*(R?).
Idea of the Proof
Use the property f f]Rd £)d¢ and the Fourier transform of the convolution. Let
(f*g)(x) = [pa f( g(y)dy and F(f xg)(&) = f(g)g(g) Applying the inversion formula

at . = 0 we obtaln

(f *9)0) = / = [ Frep©d= [ foaee @.

In (#) above, we choose an appropriate substitution for f and g to handle the reflection
f(—=y) and introduce the complex conjugate.

Proposition 4 (Plancherel’s Equality)
For any f,g € S,

| owTwian= [ a7

Thus, (9, )2 = (9, f) 2. In particular, || f]|z2 = || f|| 1> when f = g.

Proof. Let f,g € S. Define f(y) = f(—y) for y € R% and note that f € S. By identity
(#), we have:

[ o= [ swi-nan= [ a@F)e s
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(€):

F(h)IE
= [ Ty
|7

Now, we compute F

)e? ™€ dg  (substituting 2 = —y, de = dy, |J| = 1)

~

» flz)e~?retdy = f(£).

Hence, [, g(u)F(y) dy = [o0 6(€)£(€) A€, which implies (g, f)z2 = (g, f) 1. O

Remark. The operators F and F~! can be uniquely extended to unitary maps on L*(R%).
For any f € L?, there exists a sequence f,, € S such that f, — f in L? since C>° C S and
C% is dense in L?. By Proposition 4, if || f, — fm|[zz — 0 as m,n — oo, then:

1fo = fllzz = o = fonllz = 1F () = F 7 () 22

This allows us to define Ff = lim, ,o F(f,) and F~1f = lim, ;o F *(f,) via Cauchy
completeness. This definition is independent of the chosen sequence. Indeed, if g, € S is
another sequence with g, — f in L?, then ||g, — fullz2 — 0 as n — oo. By Proposition 4,

Hgn - anL2 = Hgn - ]?nHL2 = H‘/T_‘ilgn - FﬁlanLQ — 07

which implies g, — Ff and F g, — F'f in L?. Hence, F : L? — L? is a unitary operator
satisfying F* = F L.

Corollary 1
The maps F, F ! :S — S uniquely extend to bounded linear operators F, F ' : L? — L?

via:
Ff=f=lim Ff,, Flf=lim F'f, (inL?),
n—0o0 n—oo
where f, € S and f, — f in L?. Furthermore, FF 'f = F1Ff = f and
IFfllze = IF " fllzz = I fllz2 for all f e L*.

Proposition 6

Let f € L' N L2 Let f = limy oo fn and F~1f = lim,,_yoo F~'f, in L2, where f, € S and
fn — fin L?. Then the standard integral representations hold pointwise almost everywhere:

f&)= | fl)e ™ ¢dr and Flf(x)= [ f)eZEde.
R4 Rd

Proof. By standard properties of the Fourier transform on S, for any test function h € .S,
we have:

fohdz = [ f,hdz and F Y f)hde = [ f,F7Y(h)dae.
R4 R4 R4 R4
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Taking the limit as n — oo, L? convergence implies weak convergence against h € S:
falo = | fh, falh— [ fh,
R4 R R R4

yielding [5. fh= Jga f h (and similarly for F~1). Now, for any h € S:

[y = [ f@i)d

_ /R @) ( /R e dy) dz

=/ ( f(z)e ?mey da:) h(y)dy (by Fubini’s Theorem).
Rd \JRd

Since this holds for all h € S, by the fundamental lemma of the calculus of variations, we
conclude:

fly) = f(z)e @™ dy  a.e.
Rd
Fubini’s theorem is justified since [pu [oa |f(2)] - |R(y)| dzdy = || f||z2]|]l2 < co. An analo-
gous proof holds for F~1. O
Corollary 2

Let f € L*(R?). Then the Fourier transform can be evaluated as a principal value limit:

FfE) = f(&) = lim f(x)e ™™ dz  (in L?),

FU@) = lim [ f©e* s (i 1),

Proof. Let f € L*(R?) and define f, = x{z<n}f. By Holder’s inequality, [g.|fn| <
Il 22l X g1zi<ny ]l 22 < o0, so f, € L' N L*. Furthermore, f, — f in L? by the Dominated
Convergence Theorem, since |f,,| < |f| and |f|* € L'.

By Proposition 6, since f,, € L' N L

fa@) = | falw)e ™™ de = (z)e ™4 da.
Rd

|lz|<n

Since F is unitary on L2, ||f, — fllz2 = ||f» — fllz2 — 0, meaning f, — f in L2. Hence,

f(€) = lim f(z)e ?™¢dy in L%
An analogous argument using g, = x{j¢j<n}.f yields the formula for F~1. O
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Some Applications of the Fourier Transform
1. Heisenberg Uncertainty Principle

Let ¢ € S(R) be a normalized wave function, satisfying [, [¢(2)|*dz = 1. In quantum
mechanics, |¢)(x)|? represents the probability density function (pdf) of a particle’s position.

By Plancherel’s theorem:
[ [ pwra -1,
R R

meaning [)(€)[? serves as the pdf of the particle’s momentum. If 2, and & denote the
expected position and momentum respectively, their corresponding variances (mean square
errors) are:

|2

(A = / o wo [(a) P e, (AE)? = / € — & [(E) P de.

Theorem 2 (Heisenberg Uncertainty Principle).
Let ¢ € S(R) with [, [¢(2)|* dz = 1. Then:

1
2(A .
P'r'oof First, consider the case where g = & = 0, giving (Ax)? fR 22| (z)|* dz and

€20(€)[2d€. Since ¢ € S(R), it decays faster than any polynomial, implying
R
x]w( )]2 — 0 as \x! — oo. Integration by parts yields:

1= [ e =[ro@P]” - [ o @i@ + i) d

o0 o0

_ _QRe/_wa/(:U) @) du.

Applying the Cauchy—Schwarz inequality:

1 <9 / " e w(@)] [¥(2)| da

(e 9]

<o [Tewwmrar)” ([ werar)”

= 2(Ax) (/Z |¢’|2dx>1/2.

By Plancherel’s equality and derivative properties, 2//;(5 ) = i2m¢ zﬂ(f ), which implies:

o0

[ wara= ["@ere= [ endrierae - woer
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Combining these gives 1 < 2(Ax) - 21(A&) = 4n(Ax)(AE), squaring both sides results in:

(AP(Ag? > —

For general z4,{, € R, apply the above result to the shifted wave function p(z) =
e80Ty (1 + x). It easily follows that [, |¢[> = 1 and |@(€)|* = [(€ + &)[*. A standard
change of variables confirms that the variances transform accordingly, completing the proof.

[]

2. Helmholtz Equation in S(R?)
Consider the Helmholtz-type equation:
u(@) — Au(z) = f(z), = €R?, feSRY), (H)

where A = Z ; denotes the Laplacian operator. Taking the Fourier transform gives:

7=1 8
Au(€) = —an?[¢|*a(€).

Proposition 7

For any f € S(RY), there exists a unique solution v € S(R?) solving (H). That is, the
operator (I — A): S — S is a bijection.

Proof. Let f € S. Then f € S. Since the polynomial 1+ 472|¢|? is smooth, bounded below
by 1, and has bounded derivatives of all orders, its reciprocal m serves as a multiplier

on S. Thus, 719 € 5.

(1) Uniqueness. Suppose u € S satisfies u — Au = f. Taking the Fourier transform on both
sides:

£(©)
1+ 4m2|¢2”

Thus @ is uniquely determined. Since F : S — S is bijective, u is unique.

u—Au(f) = f(§) = (L+4r?gf)a(e) = (&) = u() =

(2) Existence. Given f € S, define ¢g(§) = 1+£7(§‘$|2 € S. Setting u(z) = (F'g)(z) € S, we
check that it solves (H):

w— Au(€) = (L+4n?|é) a(€) = (1 + 4n?I¢[?) 9(€) = f(€).
By the injectivity of F, we conclude u — Au = f. m

Tempered Distributions
Fundamental Definitions

Notation. Let &' = S§'(R?) denote the dual space containing all linear continuous maps
T : S(R?) — C. The elements of S are called tempered distributions, and S represents the
Schwartz space of rapidly decreasing functions.
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Continuity in S

A linear map T : & — C is continuous if and only if it is bounded with respect to the
topology generated by the Schwartz semi-norms. Specifically, there exist constants m > 1,
C > 0, multi-indices ay, ..., a,, € N& and integers Ny, ..., N,, € Ny such that:

m
TN <CD | flnpar VFES.
k=1
Equivalently, using the directed system of semi-norms |f|n) = max,|g<n sup, | 2P0° ()],

continuity is satisfied if there exist N € Ny and C' > 0 such that:
IT(NHI < Clflwy YfeS.

Convergence in &’
Let {T,}22, C S"and T € &' We say that T,, — T weakly-* in S’ if:
T.(f) > T(f) VfeS.

Example: The Space of Smooth Functions of Slow Growth (O,,)

Let Oy (R?) be the space of all smooth functions g € C*°(R?) whose derivatives grow at most
polynomially. That is, for every multi-index o € N&, there exist constants C' = C(a) > 0
and N = N(«) € Ny such that:

10%g(x)| < C(1 + |z])N  Vz e R%

a. Regular Distribution Mapping. Every g € Oy, induces a well-defined regular tempered
distribution 7, € &' via the canonical pairing:

7, = [ oa)f@)ds, fes

Proof. Let a« = 0. By definition, there exist C'(0) > 0 and N € Ny such that
lg(x)| < C(0)(1 + |z|)N. For any f € S, we can ensure convergence by controlling the
polynomial growth with a sufficiently large algebraic weight:

[ la@l- @l e < o) [ (4 fa)Ir(e)] o

dx
— C O 1 N+d+1 .
©) [ A+ @)
dx

< C(0) |f|N+d+1,o/Rd A+ )

Setting C' = C(0) [a(1 + |z|)~*™) dz < oo, we obtain:
1,0 <| [ 9(0)f@)de| < Cllveara
R

This verifies that T, is bounded relative to the Schwartz semi-norms, so 7, € §'. O
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b. Injectivity. The linear mapping Oy > g — T, € S’ is injective.

Proof. Let g1,92 € Op such that T, (f) = T,,(f) for all f € S. It follows that
Jra(g1(x) — g2(x)) f(z) dz = 0. Since C*(RY) C S is dense in Lj; (R?), and smooth

loc
functions are locally integrable, it follows by the fundamental lemma of the calculus of

variations that g; = go almost everywhere. By continuity, g1(z) = go(z) identically for
all z € R% O

c. Action on Derivatives. Let o € N&. If g € Oy, then 9%g € Oy,. Since functions f € S
decay rapidly at infinity, boundary terms vanish under integration by parts, yielding:

(09, f) = | 9g(x)- f(z)dz = (-1)" /Rdg(fv) -9°f(2) dz = (~1)T,(9°)).

Rd

Summary of Embeddings. We establish the nested chain of topological vector spaces:
C>(RY) C S(RY) C Oy (RY) C S'(RY).

Moving forward, we simplify notation by writing 7, = g and T,(f) = (g, f)-

Polynomial growth

A measurable function g : R — C is of polynomial growth if there exist constants C' > 0
and N > 1 such that:
lg(z)| < C(1 + |z])V Va2 € R%

Remark. Any such function defines a regular tempered distribution 7, € S’ with the
continuous control bound given by |T,(f)| < C|f|n+d+1,0-

Example: Functions of Polynomial Growth & Distributional Derivatives

Using duality, for any general tempered distribution 7' € S’, we define its distributional
deriative 0T € S’ by shifting the differential operator onto the test function:

(0°T)(f) = (=10 f) VfeS. (#)
Formally, as an operator composition, this reads:

0°T = (-1)PITo0*, s-LHs-Lsc.

The Ramp Functions. Consider the one-dimensional ramp function g : R — R:

x, >0
0, <0

g(xz) = max(0,z) = {
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a. First Distributional Derivative (¢'). For any f € S(R), applying definition (#) yields:

(Go)=-

—00

__ [xﬂx)f’ + /DOO f(z)dz.

o

g@ﬁ%@dxz—/mxf@ﬁn

The boundary term vanishes at oo because f € § decays faster than any polynomial.

Thus:
<£ﬂf>zé ﬂ@dw:[wH@ﬁ@M%

where H(x) is the Heaviside step function. Consequently, ¢' = H in the distributional

sense:
1, >0

H@):{o r<0

b. Second Distributional Derivative (H'). Differentiating the Heaviside distribution again:

<%’f> :—/_:H(a:)f’(x)dx:—/Ooof/(x)dx
—~[1@)] "= ro).

This maps to the evaluation at the origin, which corresponds to the Dirac delta distri-

bution dq: .
H

(3o, ) = 10) = T = o

Formally, this relation highlights the link between distributional derivatives and
Lebesgue-Stieltjes integration: [~ f(z)H'(z)dz = [7_ f(z) dH(x).

Example: LP Spaces as Tempered Distributions

Let g € LP(R?) with p > 1. Then g induces a regular tempered distribution T, € S'.

Proof. Let ¢ be the conjugate exponent matching p (% + é = 1). Applying Hoélder’s
inequality:

[ 196 1)l do < lallsl o

To dominate the L? norm of the test function f € S using standard semi-norms, choose an

integer index m = (%] This selection ensures polynomial convergence:

1115 = [ 1@
d+1\4q dz
= [ @i+ 1))
g dx
< |f\m,0/RdW-
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Since [p.(1+ |z|)~@ T dz = C' < oo, taking the g-th root gives ||f| e < CV4|f|;n0. Com-
bining these results:

Ty < Nlglzellfllze < CYNgllze | flmo < oo

Thus, T, is a continuous linear functional on S, meaning LP(RY) C S'(RY). Injectivity
follows via a standard density argument analogous to the one used in part b of the preceding
example. n

We embed LP(RY) C S'(R?) for p > 1 by identifying ¢ € LP with its regular tempered
distribution Tj; = g, defined via:

0.0) = [ a@r@)ds, e SE.

In particular, L?(R?) C &'(R?). Recall that if g € L?, its Fourier transform Fg = ¢ and
inverse Fourier transform F'g also belong to L?. By the Parseval-Plancherel identities on
S, we have:

[awr@a= [ swiwan [ Flo@swa= [ st

R4

which holds by density for all f € L?. This motivates the general definitions of basic
operations on &'(R%) via duality.

Main Operations on S’'(R?)

1. Differentiation. Given T' € S§'(R?%) and a multi-index o € N¢, the distributional deriva-
tive 0°T € S'(RY) is defined by:

(0°T, f) = (~=1)*(T,0°f) Vf e SR

2. Fourier Transform. For any T € S'(R%), we define its Fourier transform FT = T €
S’(RY) and inverse Fourier transform F~!T € &'(R?) via:

(FT.f) =(T.Ff), (F'T.f)=(T.F'f) VfeSR)

Note. Operationally, FT = T o F, corresponding to the composition S Fys L.

3. Multiplication by Smooth Functions of Polynomial Growth (Oy;). Given T € S'(R%)
and F € Oy (R?), the product FT € S§'(RY) is defined by:

(FT.f)=(T,Ff) VfeSRY,

which is well-defined since the map f — F'f is continuous from S into itself.
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The Space of Moderate Measures (M ,,q)

Let Mpoa(R?) denote the space of signed (or complex) Borel measures p on R? of moderate
growth, meaning there exists an integer N > 1 such that:

/R (A fal) ™ dip@) < oo (# mod)

The Lebesgue measure on R? belongs to Mg since (# mod) converges for any integer
N >d+1. Every u € My,oq induces a linear functional 7, € &’ via integration:

L) = [ f@)dn), fes

T, is a continuous linear functional on S.

Proof. Linearity is immediate. It remains to prove continuity. Let f € S. Using the
moderate growth bound (# mod):

L@l diu@ = [ @I+ e - (0 )™ dlel@) < lva |0+ 1o)™Y dnlo)

Setting C' = [p.(1 4 |2]) N d|u|(z) < oo, we obtain |T,,(f)| < C|f|no. This verifies that
1,8 O

The mapping p — T}, is injective, allowing the identification My,q C S’. We write (p, f) =
fRd fdu. Its operational extensions to derivatives and Fourier transforms follow by duality:

(@ f) = (1) Nw,0%f), (Fu f) = W Ff), (Fluf)=wF f).

Now assume that p is a finite signed Borel measure. By Fubini’s theorem, we can compute
its inverse Fourier transform explicitly:

F o f) = (. F ) = / (F 1)) dpu(x)

Rd

= [ ([ ferem=cac) aute)
- [ 1@ ( [ e du) ) dé = RIGLGES

where ¢(§) = [z €™ du(z) = E[e™¢] is the characteristic function of the measure p
(equivalently, its Fourier—Stieltjes transform). Therefore, in the sense of &’ we have F 'y =
¢, so the inverse transform is the regular distribution induced by the bounded continuous
function ¢.
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Proposition 1
The operators F, F 1 : §'(RY) — S'(RY) are linear bijections.

Proof. By the inversion theorem on S, we know FF ! = F!F = Ids. Testing the
distributional composition on an arbitrary f € S:

(FUFT, f) = (FT,F~f) = (LFF'f) = (L. f).

Similarly, (FF T, f) = (T, f). Thus F1FT = FF'T =T, completing the proof. O

Derivative-Polynomial Duality
Let T € 8'(RY) and o € N¢. Prove that 9T = (i2m€)°T.

Proof. Since (i2m€)® has smooth coefficients growing polynomially, it belongs to Oy. For
any f € S:

(0°T, f) = (2°T, f) = (—=1)°l(T, 0 f).

Using the standard identity 9°f = F((—i2mz)*f), we set g(x) = (—i2mx)*f(z) € S. Con-
tinuing the evaluation:

(1) = (<) T ) = (1) [ T (ime)p(€) e

— [ (2rer T £t = (i2n)°T. ).
Thus, 50T = (i27€)*T holds in the sense of distributions. O

Theorem 1 (Structure Theorem for Tempered Distributions)

For every T € S'(R%), there exists a continuous function g of polynomial growth and a
multi-index o € N¢ such that T = 9“g. That is,

@) = (-0 [ g0)of@)de VS e SR

Rd

Note on Polynomial Growth. Recall that a function g : R? — C is of polynomial growth
if |g(x)] < C(1+ |z])N for all z € R?, for some C' > 0 and integer N > 1. As an example,
the function g(x) = max{z,0} satisfies g € §’'(R) and its second derivative yields the Dirac
delta distribution, % g = dp.

Proof. Case d = 1. We first establish an integration lemma.
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Lemma 1

Let h : R — C be a measurable function of polynomial growth. Then there exists a contin-
uous function H of polynomial growth such that:

/_OO h(z)f™(z)dz = /_OO H(z)f"(z)dz Vf e S(R), n e N.

o0

Proof. Define the primitive G(z fo t)dt. Since h is of polynomial growth, there are
constants such that |h(z)| < C’l(l + |93|)N Using |z| < M—H, we can also bound it as
[A(@)] < CaolL+ [a[)Y < Cy(1+ [22N) (since |z]* < 225 4 C5). For « > 0:

2N~+1

< h(t)|dt < C 1+ t*M)dt = Cex + C
Ga)l < [ In0]de < Co [ (148 dt = oo + o

|$|2N+1

A symmetric argument holds for z < 0, where |G(z)| < f |h(t)|dt < Cslz| + Co 5zt

hence |G(z)| < C7(1 + |z])*V !, meaning G is continuous and grows at most polynomially.
Integrating by parts:

/_Z G(x)f(nﬂ)(x) dz = [G(x)f(n)(x)ro — /_OO h(x)f(") (z) dz

—00 00

Because f € S, f™(x) decays faster than any power of z, causing the boundary term to
vanish. Setting H = —G yields (H, f"*V) = 0 — (h, f), which completes the proof of the
lemma. ]

Proof of Theorem 1 Continued. Let T € S'(R). There exist constants C' > 0 and
N € Ny such that:

N

(T, O < Clflay < Czsup L+ 2N f P (@) < €Y sup(1+ 2N [fP (). (1)

=0 —0 zeR

Introduce the algebraic dampening weight ¢(x) = (1 + |z|*)™. Note that ¢ € Oy and
| (x)] < Cyp(x) for all £ € Ny. We analyze the modulated distribution 7', defined by

(T, ) = (T, f).

Claim 1. The tempered distribution ¢T" satisfies the bound:

\<<PTf!<szsup|f z)| VfeS.

$E]R

Proof. Using inequality (1) on the product ¢f:

(T, )l = KT s@f!<0128up + 12N (0 /)P ().

k=0 *
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By the Leibniz rule, |(of)®(2)] < 7o (/D (2)lle® ()] < S50 Cpilf 9 (@)le(2),
where C} ; = (’;)C’k_j. Since (1 + |z|?)Np(z) = 1, we see:

(eT, f)] < aZZijsupW ) <szsup\f 7).

k=0 j—0 xER
The weight cancels out, yielding the desired uniform derivative bound. O
Claim 2. There exist finite complex Borel measures pyg, fi1, - - -, iy on R such that:

6.0 =3 [ 1Y@ i) vres.

Proof. Let Cy(R) be the Banach space of continuous functions vanishing at infinity,
equipped with the supremum norm ||g||, = sup, |g(x)|. Form the product Banach space
E = H]kV:O Co(R) with the sum norm ||(go, ..., 9n)|lu = ij:o |gk || Define the linear sub-
space:

M={(ff,.. [N :feS}CE

The functional A : M — C given by A(f,.. .,f(N)) = (¢T, f) is bounded under || - ||, by
Claim 1:

IS SN =T, A< Call(fs s £
By the Hahn-Banach theorem, A extends to a bounded linear functional on all of E with
|A||lgs < Cy. Since A(go,0,...,0) defines a bounded functional on Cy(R), the Riesz Rep-
resentation Theorem implies that there exists a finite complex Borel measure py such that
A(90,0,...,0) = [, godpo. Proceeding slot by slot (using linearity A(gg,gl) = A(g0,0) +

A(0,g1)), we get components iy, ..., uy satisfying A(go, ..., gn) Zk o Ju 9r(x) dpg(z),
yielding the stated integral representation for (¢T, f). O

Claim 3. There exist bounded measurable functions Fy, I}, ..., Fiy such that:

(oT, f) = Z/fk“) (x)dz VfeS.

Proof. Let Gi(r) = ug((—o0,z]) be the cumulative distribution functions. Since the
measures are finite, each G} is bounded and of bounded variation. Integrating by parts
against the smooth test function f®*):

N N 00
(T f) = Z / FOa)dGu(o) = Y [P @Gu@)]” =D [ @G ds

k=0 T k=07
Because f*) € S and G}, is bounded, the boundary terms vanish, leaving F, = —G}, as the
required bounded functions. O
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Proof of Theorem 1 Continued. We reconstruct T' by writing T = i(g@T). Because

%O(x) = (1+ |z]*)N € Oy, the test function £ > belongs to S:

(k+1)

= (erd) -3 [ (£)" @

k+1 k41—¢
Expanding (f/%p) 1) Via the Leibniz rule gives <éf)( o 1;:01 (kjl)f(e) (%D)( " ). This
yields a finite sum of terms of the form:

N k+1

Tf ZZ/]C Hkg ) xZ, where Hk,Z: <k—£1>Fk<

k=0 (=0

) (k+1—0)

€ |=

Each Hy is a bounded function multiplied by a derivative of (14 |x|?)", which is measurable
and of polynomial growth.

Applying Lemma 1 repeatedly to each term allows us to shift all derivatives up to a uniform
high order N + 2, converting each component to [, f" ) (z VHyio(z) dz, where Hy, are
continuous and of polynomial growth. Summing these up, we define:

N k+1

g(x) = N+2ZZHM

k=0 ¢=0

which is continuous and of polynomial growth. This leaves us with

(T, f) = (—1)N+2 / 9(2) [N (2) da = (0V2g, f),

confirming 7' = 0V *2¢g (with a = N + 2). O

The Helmholtz Equation in S'(RY)

We investigate the generalized Helmholtz equation on tempered distributions:
u—Au=g inS'(R?), (H)

where g € S'(R?) is given and u € &'(R?) is the unknown distribution.

Proposition 2

For any g € &'(RY), there exists a unique solution u € S'(R%) to (H). Thus, the operator
(I —A):S8(RY) — S'(RY) is a bijection, and the solution is given explicitly by:

|
_ o1 .
=7 <1 +4n2yg|2g> '
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1
1+4m2|¢|2

both belong to Oy(RY). Applying the Fourier transform to both sides of (H) converts

Proof. The polynomial factor p(§) = 1 + 472|€|? and its reciprocal p(§)~! =

differentiation into algebraic multiplication (recalling 0T = (i27€)*T, which means Au =
—4m?|¢[*a):

u—Au=ginS <= u—-Au=ginS < (1+47°*i=gin S’

1

g i
Since multiplication by p(§)~! is a valid and invertible operation within S'(R¢), we solve

uniquely for u:

Applying F~! to both sides yields u = F _I(WQ). This uniquely determines u € &',
completing the bijection proof. O]
The L? Setting and Sobolev Spaces

Let s € Ny. We define the classical Sobolev space H*(R?) as:

H*(RY) = {u € S'R?) : 9*u e L*(R?) for all |o| < s}.

This space is a Hilbert space under the norm:
1/2

iz = | > 0%ulli

laf<s

Operationally, v € H*(R?) implies that v € L?(RY) (since H® C L?) and its distribu-
tional derivatives up to order s can be represented by L? functions satisfying fRd 0%u fdx =

(=)l [yud™fdz for all f€S.

Proposition 3

For every g € L?(R%), the unique solution u to (H) belongs to H?(R?). It satisfies u—Au = g
almost everywhere, and obeys the structural stability estimate:

[ull 2 < Cllgll 2,

where C'is a constant independent of g. Thus, (I — A) : H*(RY) — L?(R?) is a bijection.

Proof. Let g € L*(RY), which implies ¢ € L?(R?). By Proposition 2, the unique distribution
solution is u = F~! (Wﬁ), which belongs to L2(IR?) since its transform is bounded by
|g|. Taking the Fourier transform representation, for any multi-index |a| < 2:

(127&)>

Fu(E) = (12n€)"0l€) = T o

9(8).
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Because |(i27€)*| < (27[€])1*) < 1+ 472|€)? holds for any |a| < 2, the multiplier is uniformly
bounded by 1. Consequently, |%(f)| < 1g(8)]. By Plancherel’s theorem, 0%u € L*(R?) and
satisfies: -

10%ull 2 = 0wl 2 < [|gllz = llgll 2

Summing over all || < 2 yields the norm stability estimate ||u||z2 < C||g||z2. Uniqueness is
guaranteed by the overarching uniqueness in 8’ (Proposition 2). Thus, (I — A) : H*(RY) —
L2(R?) is a bijection. O

Approximation via Smooth Limits. Alternatively, we can resolve the equation for
g € L? as a limit of smooth solutions. Choose a sequence g, € S such that g, — ¢ in L%
Since (I —A) : § — S is an isomorphism, there correspond unique smooth solutions u,, € S.
Linearity implies (u, — ) — A(Up — Um) = gn — gm, and applying the stability estimate
from Proposition 3:

|0%U, — 0% ||z < Cllgn — gmllzz — 0 as n,m — oo,

for all |a] < 2. By the completeness of L?, each derivative sequence 9®u,, converges to some
function u, € L? (with u = ug). For any test function f € S, the standard pairing satisfies
fRd 0%, fdx = (—1)l fRd u, 0% f dz. Passing to the limit n — oo inside the integrals gives:

/Rduafdx:(—l)|°‘/Rdu6°‘fdx,

confirming that u, = 0% in the distributional sense. Hence u € H?(R?) and satisfies
u — Au = g almost everywhere.

Proposition 4

For any source term g € H*(R?) (s € Np), the unique solution u to (H) satisfies u € H**?(R%).
The operator (I — A) : H**2(RY) — H*(R?) is a bijection.

Proof. Differentiating the equation (H) distributionally yields 0%u — A(9%u) = 0%g for any
multi-index . If g € H*(R?), then for all |a| < s, the derivative term satisfies 9%g € L?(R?).
Applying Proposition 3 to this differentiated equation, we find that 0%u € H?*(R?), which
implies that for all |3] < 2:

0%+l 2 = 10°(@"u) |2 < Cll0% |2

Any multi-index v with |y| < s+ 2 can be split into components v = 5 + « where |a] < s
and |G| < 2. Accumulating these bounds implies:

107 ull2 < Clg]

gs forall |y] < s+2.
Hence, u € H*"?(R?) solves (H), and uniqueness follows directly from the broad uniqueness

property in & established in Proposition 2. Thus, (I — A) : H*™?(R?) — H*(RY) is a
bijection. [
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Weak Convergence
Motivation and Fundamental Definition

Let E be a normed vector space and E* = L(E,R) denote its continuous topological dual
space. Consider a sequence {z,}°>, C E approximating an element = € E.

By a fundamental consequence of the Hahn—Banach theorem, the standard norm topology
characterizes strong convergence via uniform control over the dual unit ball:

|tn —z||g = sup |[l(z, —z)] — 0 asn — oo.
14l =<1

Equivalently, norm convergence dictates that ¢(x,) — ¢(z) uniformly over bounded subsets

of functionals. Weak convergence relaxes this topological requirement by demanding only

pointwise (element-by-element) convergence across the dual space.

Weak Convergence

We say that a sequence {x,}22; C E converges weakly to € F, denoted by x, — z, if:
Uz,) — l(xr) asn — o0 VlEE"

Using duality pairing notation, this is expressed as:

(rpygep — ({,x)p=p asn—oo0 Ve E".

Concrete Realizations in Classical Spaces

e The L? Setting. Let E = LP(Q, u) with p € [1,00). Under standard o-finite conditions,
the dual space is isomorphic to L9(€2, ) where % + % = 1. Consequently, a sequence
fn — f weakly in L? if and only if:

/fn z) dp(z —>/f du(x) Vge LYQ, p).

e The Space of Continuous Functions C'(X). Let X be a compact metric space and
E = C(X) equipped with the uniform supremum norm || f||, = sup,cx |f(x)|. By the
Riesz—Markov—Kakutani representation theorem, the dual space [C(X)]* is isometric
to M(X), the space of finite signed Radon measures on X. Thus, f, — f weakly in
C(X) if and only if:

[ ) dute) — [ sle)dute) v M),

o Hilbert Spaces. Let E = H be a Hilbert space. By the Riesz representation theorem,
H* = H meaning weak convergence x,, — = is fully characterized by the inner product:

(Tn,2)gp — (v, 2)g asn —o00 Vze H.

Connection to strong convergence: x, — x strongly in H if and only if x,, — = weakly
and limsup,, ., |z ||z < ||2||a-
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The Finite-Dimensional Special Case
Proposition 1

Let E be a finite-dimensional normed vector space (e.g., E = R%). Then the weak and strong
topologies coincide; that is,
T, =T = T, =T

Proof.

e (=) Assume z,, — x strongly. For each continuous linear functional ¢ € E*, bounded-
ness implies:

[€(zn) = £(2)| = [€(zn — 2)[ < [|€]

gl|ltn —x||lg — 0 as n — oo,

which proves x,, — x weakly. This direction holds universally in any normed space.

e (<) Suppose dimF = d < oo and x, — x. Let {vy,...,v4} be a basis for F, and
let {¢1,...,44} C E* represent the corresponding dual basis satisfying ¢;(v;) = &;;.
Every element y € E can be decomposed as y = 2?21 l;(y)v;. By the definition of
weak convergence, we obtain coordinate-wise convergence: ¢;(x,) — ¢;(z) in R for each
i€ {l,...,d}. Because all norms on a finite-dimensional space are equivalent, we can
bound the standard norm by the ¢!-coordinate norm:

d
|2 = x|z < C Y |li(an) — Li(x)] — 0 as n — oo,
=1

confirming strong norm convergence. [

Ezample. For a sequence of vectors {x(™M}>  c R? strong convergence z(™ — z is pre-

cisely equivalent to component-wise convergence: 2™ x; for every coordinate index

1=1,2,...,d.
The Infinite-Dimensional Counterexample

In general infinite-dimensional spaces, weak convergence does not imply strong convergence.
Consider an infinite-dimensional Hilbert space H containing a complete orthonormal system
(CONS) {e,}>2,. For any n # m, Pythagoras’ theorem dictates:

len — em”%{ = HenHQ — 2(en, em)m + HernHQ =1-0+1=2.

Because the distance between any two distinct elements is always /2, the sequence {en}
cannot contain any strongly convergent subsequence. However, e, — 0 weakly. Indeed, for
every element x € H, Bessel’s inequality / Parseval’s identity guarantees that:

> It eahnl* = llalfy <00 = lim (es.a) = 0= (0.).

n=1
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The Canonical Embedding and Weakly Cauchy Sequences

The canonical evaluation map J : E — E** into the bidual space [E*]*. Every element x € £
acts as a bounded functional T, € E** via T, (¢) = ¢(x) for all ¢ € E*. The Hahn-Banach
theorem guarantees this map is a linear isometry:

I

g = sup [To(0)| = sup |0(x)| = |z]p-
el g+ <1 el = <1

Weakly Cauchy Sequence

A sequence {z,,}5°, C F is called weakly Cauchy if the scalar sequence {{(z,)}5%, is Cauchy
in R (or C) for every continuous linear functional ¢ € E*.

Note. Every weakly convergent sequence is fundamentally weakly Cauchy because any
convergent sequence in R is a Cauchy sequence.
Proposition 2
Let E be a normed vector space. Then the following properties hold:
a. If x,, — x, then the norm is sequentially lower semicontinuous:

|z||g < liminf ||z, || g
n—oo

b. If {x,} is weakly Cauchy, then it is bounded in norm: sup, ||z,|z < cc.

c. If F is a reflexive Banach space, then the space is weakly sequentially complete; i.e.,
every weakly Cauchy sequence converges weakly to an element in E.

Proof.

a. Lower Semicontinuity. By the Hahn—Banach theorem, choose a normalized functional
¢ € E* such that ||/||g« = 1 and {(z) = ||z||g. Evaluating the limit under weak
convergence:

|zl = {(z) = nh_)rrgo l(x,) = 117£I_l>£f5(13n).

Since ((x,) < |||
yields:

g+||zn||lE = ||zn||g holds uniformly for all n, taking the lower limit

lz||g = liminf ¢(z,) < liminf ||z, .
[l

b. Uniform Boundedness. Let {x,} be weakly Cauchy. For each individual functional
¢ € E*, the sequence {{(z,)} converges in R, which implies it is bounded: sup,, |[¢(x,)| <
oo. By setting T, (¢) = ¢(x,). The sequence of operators {7, } C E** satisfies
a pointwise boundedness condition on the Banach space E*: sup, |1, ({)] < oo for
all £ € E*. Applying the Banach—Steinhaus Uniform Boundedness Principle yields a
uniform bound on the operator norms:

sup ||z,||g = sup | Ty, || g+ = sup sup |1y, (£)] < oo.

n n n|leg-<1
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c. Reflexive Completeness. Let {x,} be weakly Cauchy inside a reflexive space (£ = E**).
By part b, there exists a uniform bound M = sup, ||z,||g < co. Define a functional
T : E* — R point-by-point via the pointwise limit:

T(0) = lim {(x,).
n—o0

Linearity of T follows directly from the linearity of the limit operation. Taking bound-
aries, the inequality |[l(x,)| < M||¢|g~ implies |T'(¢)| < M]||{| g+, hence T € E**.
Because E is reflexive, the canonical mapping is surjective, ensuring there exists a
unique element x € E such that T'(¢) = {(x) for all / € E*. Substituting this back
gives {(x) = lim,_, o ¢(2,), which matches the definition of z, — x. O

Weak Compactness
Solving Lx = g by Approximation
Solving a bounded linear equation
Lr=g, LeL(EF),
together with a family of approximating problems
L.z, = g,, with the a priori bound sup ||z,||r < oco.

Two questions govern whether the approximate solutions {z,} recover an exact solution of
the original equation.

o FExtraction of a limit. Does there exist a subsequence and a candidate limit x € E with
— 1z (weakly) 7

T,

e [dentification of the limit. Once such an x exists, can we pass to the limit and conclude
Lz = g7 Using the dual (adjoint) operator L’ and the duality pairing (-, ) g+ g,

(L)', x) = (0, Lpzy) = (, gn)  ——25 (L', 2)=((, g), VL& F*

Since (L'0,xz) = (¢, Lx), this yields (¢, Lz) = (¢, g) for all £ € F"*, hence Lx = g, the
range of L being a closed subspace of the Banach space F'.

Lemma 1

Reflexivity passes to closed subspaces: if £F** = E, then for every closed subspace M C F
one has M** = M; that is, M is itself reflexive.

Lemma 2

Separability is inherited from the dual: if £* is separable, then E is separable.
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Weak Compactness Theorem

Let E be a reflexive Banach space. Then every bounded sequence in E has a weakly con-
vergent subsequence. Explicitly, if

|zn|le < C Vn  for some C > 0,
then there exists a subsequence {z,, } and an element x € E such that
Tp, =T ask — o0o.

Proof. Let {x,} C E satisty ||z, ||g < C for all n. Since every weakly Cauchy sequence in
a reflexive Banach space possesses a weak limit, it suffices to produce a subsequence {x,, }
that is weakly Cauchy, i.e., such that

{l(zy, ) }rey is Cauchy in R V0 e E™.

A separable, reflexive ambient subspace. Let M denote the closure of the linear span of the
sequence,
M = span{z, : n > 1}.

Then M is separable: rational (finite) linear combinations of the x,, form a countable dense
subset of M. Moreover, M is a closed subspace of the reflexive space F, hence reflexive by
Lemma 1. Consequently (M*)* = M is separable, so applying Lemma 2 to M* shows that
M* is separable.

A countable dense family of functionals. Choose a countable dense set
D={l,:m>1}CM*, D=M"

which exists by separability of M*. For each fixed m, the scalar sequence {/,,(x,)}, is
bounded:

|€m(xn)‘ < ||€m||M*

Tnllp < Clllmllar- <00, [lnllar- = sup  [n(2)],
e
|zl z=1
so that sup,, |l (x,)] < oco.
Diagonal extraction. By Bolzano—Weierstrass, each bounded sequence {¢,,(x,)}, admits a

convergent subsequence. Applying this successively for m = 1,2,3,... and passing to a
diagonal subsequence yields a single subsequence {z,, } for which

lim ¢,,(x,,) exists for every m > 1.
k—o0
The same subsequence works simultaneously for all m.

Weak Cauchy property. Fix an arbitrary ¢ € E* and let R( := (|, € M* denote its
restriction. For any m > 1, inserting and removing ¢, gives
() — Uan,)| = [RU(zn,) — RE(2y,)|
< |RUzny,) = bon (@ )| + [l (Tn) = Con(@))] + [ (@) — RE(2,)]
< NRE — || s xnkHE + wm(xnk) - gm(xnj” + || RE — L[| ar-
S 2C||RE — U || are + [ (Tny,) — Lm0,

wn]HE
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Taking the limit superior over k, 7 — o0,

limsup |0(x,,) — U(xy,)] < 20| RE = Ly || ar+ + limsup [£n(20,) — o (Tn,)],
k,j—00 k,j—00

N J/
-~

=0

the bracketed term vanishing because limy, ,,,(x,, ) exists for every m > 1.

Density closes the argument. Since {{;,},>1 is dense in M*, the quantity 2C|| Rl — £y, || pr-
can be made arbitrarily small by a suitable choice of m. Therefore

limsup [((x,,) — £(xn,)| =0,

k,j—oc0
i.e., {€(xy,)}x is Cauchy for every ¢ € E*. Hence {x,, } is weakly Cauchy and, by reflexivity,

admits a weak limit z € E with z,, — x. O

Weak-+ Convergence and Weakly-+ Compact Sets

Let E be a normed vector space with continuous dual E* = L(E,R). Whereas weak con-
vergence on E* tests against the full bidual £**, weak-* convergence tests only against the
original space E.

Weak-+ Convergence
Let ¢,,¢ € E*. We say that ¢,, converges weakly-* to ¢, denoted ¢,, — ¢, in E* if
ly(z) — l(x) asn— o0 Vrek.

Note. On the dual space E* there are three distinct modes of convergence:

1. Norm (strong) convergence in E*. ||(, — ||z~ — 0.
2. Weak convergence. — tested against every functional in the bidual E**.
3. Weak-+ convergence. = tested only against the evaluations z € E C E**.
Remarks.

a. Hierarchy of the three modes. Recall the canonical embedding F C (E*)* = E**.
Because weak-* convergence tests against the smaller collection £ C E**, each stronger
mode implies the next:

1y —l|g =0 = f, =0 = L, L

The first implication is the general fact that norm convergence implies weak conver-
gence; concretely, for any x € E**,

|2(6n) = ()] <[]

ln — (|
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b. Coincidence under reflezivity. If E is a reflexive Banach space, so that (E*)* = E,
then the bidual reduces to F and weak and weak-x convergence coincide:

b, =0 <— (, >0

Consequently, weak-* convergence is genuinely interesting only when E is not reflexive.

c. The space L'. Let E = L'(u) with u a o-finite measure. Then E* = L*(u), while F
is not reflexive since (L>)* # L'. Here, for f,, f € L™,

fo=finL® < /fngdu—>/fgdu Vg € L' ().

The dualities (L?)* = L% in particular o-finiteness gives (L*)* = L*, but (L>®)* # L.

d. The space C(X). Let X be a compact metric space and F = C(X) with the uniform
norm || fl|,. Then E* = M(X), the space of finite signed (real) Borel measures on X,
and for p,, € M(X),

fn — pin M(X) <= /deun—>/de,u Ve CO(X).

Weak-+ Sequential Compactness

Recall that for functionals ¢, ¢ € E*, weak-% convergence {,, — ¢ in E* means
lo(xr) — l(x) asn — oo, foreveryz € E.

We first record an example showing that weak-* convergence is strictly weaker than weak
convergence, and then prove the sequential form of the Banach—Alaoglu theorem.

Example: Weak-+ but Not Weak Convergence
Let
E=cy= {x = (Tp)p>1 € L lim z, = O},

n—oo
equipped with the ¢*-norm ||z||o = sup,, |z,|. One can show that the dual is
E*=/(' and hence (E*)*= ({')*=/(*2D c.
In particular ¢q is not reflexive: the bidual £*° is strictly larger than cy.

For each n > 1, let £, € ¢ = E* be the sequence with a single 1 in the n-th position and 0
elsewhere:

As a functional on ¢y, ¢, acts on z = () € ¢y by

Co(x) = (ln)i 2k = 2.

k=1

[e o]
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¢, = 0. Fix any « = (zx) € co. By the definition of ¢y we have x,, — 0 as n — 0o, so
ly(x) =2, — 0=0(z) for every z € c.

This is exactly the statement that £, — 0, weak-* convergence to the zero functional.

Claim: £,, has no weak limit in E* = (*. Weak convergence of {/,,} in ¢! would require A(Z,)
to converge for every A € (£')* = (*. Take the specific element

z=1(0,1,0,1,...) € £° (entries alternating between 0 and 1),

regarded as the functional on ¢! given by z(¢) = > 77| 2 . Then

> 0, n odd,
)= 2 (b= 20 = {
k=1

1, n even,

and lim,,_,, 2, does not exist. So A(¢,) fails to converge for this A = z, and {/, } has no weak
limit, even though it has the weak-x limit 0. This is why weak-* convergence is interesting
precisely when FE is not reflexive.

Banach—Alaoglu Theorem (sequential form)

Let E be a separable normed vector space. Then every bounded sequence in £* has a weak-x
convergent subsequence. Explicitly: if {£,} C E* satisfies

1€

g < C  for all n, for some C' > 0,

then there exist a subsequence {/,, } and a functional ¢ € E* such that £, — /.

Proof. Let {¢,} C E* with ||{,|

g+ < C for all n. The proof has five steps.

A countable dense set in E. Since FE is separable, we may choose a countable set

{pm :m >1} C E that is dense in E.

Fach scalar sequence is bounded. Fix m. For every n,

[l ()| < (1]

e [Tl e < Cllzm||e-

The right-hand side does not depend on n, so the real sequence {(,(z,,)}n>1 is bounded:

sup £ ()] < C 2l < 0.

n

Diagonal extraction of a subsequence. We extract one subsequence that makes all of these
scalar sequences converge at once.

e For m = 1: {{,(z1)}, is a bounded real sequence, so by Bolzano—Weierstrass it has a
e (1)
convergent subsequence. Write its indices as {n; ' }r>1.
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e For m = 2: along the previous subsequence, {Eng)(l'g)}k is again bounded, so it has a
further convergent subsequence {n,(f)} - {n,(cl)}.
e Continuing inductively, at stage m we obtain {n,(cm)} C {n;m_l)} along which éném) ()
converges as k — oo for each j =1,...,m.
Now set the diagonal sequence ny := nl(f). For each fixed m, the tail {n; : & > m} is a

subsequence of {n,(j”)}, along which ¢, (x,,) converges. Therefore

lim ¢, (x,,) exists for every m > 1.
k—ro0

{ln, ()} is Cauchy for every x € E. Fix x € E and ¢ > 0. Since {z,,} is dense, choose m
with ||z — z,||p < €. For any indices j, k, insert and subtract the values at x,, and use the
triangle inequality:

i () = oy (2)] < [y () = by (2n) |+ |l (20n) = Ly ()| + [ (20) — s ()] -

[\

~~ -~

@ (11) (fﬁ)

E* SC

For term (I), use linearity of ¢, and the bound |[|{,, |

(I) = [ln, (x — zm)| < |40, |

By the same reasoning, (III) < C'e. Hence
[y () = oy ()] < 2C€ + [y (2m) = b (2.

By diagonal extraction of a subsequence, {/,, (zn)}r converges, so it is Cauchy; thus there
is K such that
Uy () = U (2)| <€ forall j, k> K.

For such j, k we get |0y, (z) — £y, (2)| < 20Ce 4+ = (2C +1)e. Since € > 0 was arbitrary, the
sequence {{,, (z)}x is Cauchy in R.

The limit is a bounded linear functional. Since R is complete, for each x € E the limit
lzx) = klg& ly, (z) exists in R.
Linearity: for z,y € E and scalars a, b, using linearity of each ¢,, and of the limit,
l(ax + by) = lilgn Uy, (ax + by) = lilgn [aly, () + bl (y)] = al(z)+bl(y).

Boundedness: taking the limit in |(,, ()| < C||z|| g gives

|0(x)| = klim (U, (2)] < C||z||g for every z € E,
— 00

so { € E* with ||{||g- < C. Finally, by the definition of ¢ we have ¢, (vr) — {(x) for every
x € F, which is exactly ¢, Ny} O
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Strong and Weak Operator Convergence
Throughout, £ and F' are normed vector spaces, and L(F, F') is the space of bounded linear

operators T : E' — F with the operator norm ||T'|| = supy, <1 [|T(2)| £

Strong and Weak Operator Convergence
Let T,,,T € L(E, F).
a. Strong operator convergence. We say T, — T strongly, written T,, — T, if
|10 (x) = T(x)||lFp — 0 asn — oo, foreveryz € E.
b. Weak operator convergence. We say T,, — T weakly, written T,, — T, if T),(z) — T(x)
weakly in F' for every x € E; that is,

((To(x)) — £(T(2)) asn— oo, forevery (€ F* and every z € E.

Note. On L(E, F) there are three types of convergence, ordered from strongest to weakest:
T, -T|—-0 = T,—>T = T,—T,

where ||T,, — T|| — 0 is convergence in operator norm (uniform convergence). The first
implication holds because, for each fixed =z,

1 T(2) = T(@)l[r < |[Tn =T |2z — 0.
The second holds because norm convergence in F' implies weak convergence in F: if T,,(z) —
T(x)in F, then T, () — T'(x) in F. The converses fail in general, as the next example shows.

Example: Shift Operators on ¢?

Let E = F = (2. For each n > 1 define the right shift by n, T,, € L({* (?), and the left shift
by n, T € L(2,0%), by

To(z)=(0,...,0, 21,22,... ), Tp(2) = (Tn41, Tnyas--- ), @ = () c

n Zeros

i. T, preserves the norm. Right-shifting only inserts zeros, so

(0.9}
IT(@)llE = D lawl® = llzZ,
k=1

hence ||T,(x)||2 = ||z||s2 for all z, and in particular ||T,| = 1.

ii. T¥ is the adjoint of T,,. For z,y € (?, the only nonzero entries of T,,(x) are (T,,2)n4; =
Zj, SO

MS

(T v —ijyw Zx] Try); = (2, T (y)).

1 j=1

(To(z),y) =

B
Il
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iii. 7 = 0 but ||T*|| = 1. For a fixed z = () € £2,

oo
T, ()7 = Z lz1]? — 0 asn — oo,
k=n+1

since it is the tail of the convergent series > oo, |zx* = ||z]|2 < 0o. So T —= 0
(strong operator convergence). However ||TF|| = 1 for every n: applying T to the
basis vector e,y = (0,...,0,1,0,...) gives T*(e,11) = €1, which has norm 1 while
llens1ll = 1. Thus T¥ 4 0 in operator norm. Strong operator convergence does not
imply norm convergence.

iv. T,, == 0 but T}, 2+ 0. Since I = ¢? is a Hilbert space, every functional on ¢2 is (-, y)
for some y € £?, so weak operator convergence Tj, — 0 means (T},(z),y) — 0 for all
x,y € ¢?. Using part ii and the Cauchy-Schwarz inequality,

[(Tn(2), y)| = (2, T ()] < llzlle T35 W)l — 0,

where the limit is 0 by part iii. Hence T}, — 0. But 7}, does not converge strongly to
0, because by part i

ITa(x) = Olle = [[Tu(@)ll2 = llzlle /0 (¢ #0).
Weak operator convergence does not imply strong operator convergence.

Remark. If F' =R, then L(E,R) = E* and the operators T,, are just functionals. In this
case strong operator convergence T,, — T means |T,,(z) — T(z)| — 0 for every x € E, i.e.
T, (x) — T(z) for every x € E, which is exactly weak-* convergence T}, — T in E*. So for
scalar-valued operators the two notions coincide.

Proposition 3

Let T'€ L(E, F) and suppose x,, — = weakly in E. Then T'(z,) — T'(z) weakly in F.

Proof. We must show ¢(T(x,)) = ((T'(z)) for every ¢ € F*. Fix £ € F*. The composition
(oT : FE — Ris linear (a composition of linear maps) and bounded, since for every = € E,

(Lo T)(x)] = [6(T(x))] < [|£]

T(x)llr < [l€]

P e 1T ||| -

Therefore foT € E*. Applying the definition of weak convergence x,, — x to this particular
functional £ o T,

U(T(xy)) = (LoT)(xy) — (Lo T)(x) =€(T(x)).
Since ¢ € F* was arbitrary, T'(x,) — T'(x). O

Proposition 4
Let T,,,T € L(E, F).
a. If T, > T, then ||T|| < liminf||T},|.
n—oo
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b. Suppose sup,, ||T,|| < oo and T, (y) — T'(y) in F for every y in a dense subset D C E.
Then T, — T.

Proof.

a. Fix z € E. Strong convergence gives T,,(x) — T'(x) in F, so by continuity of the norm
IT.(z)|| 7 — ||T(x)| F; in particular the limit equals the lower limit:

IT(@) 7 = lim 1T (@) = lim inf [[T,(2)]|

For each n we have ||T,(2)||r < |1, ||z||g- Taking liminf of both sides (the factor

||z||g is a nonnegative constant),
7w = limind [T, () < liminf (T3] 1l = (Timin [T, ]

This holds for all x € E. Dividing by ||z||g for = # 0 and taking the supremum over
such z,
T (x

—2— <liminf ||T,|. O
w20 |lle n—00

b. Write M := sup, ||Tx|| < co. Fix € E and let ¢ > 0. For any y € D, the triangle
inequality gives

1T(x) = To(@)llr < IT(x) = TW)llr + 1T () — Tuly)llr + 1 Taly) — Tulz)| p-
Bound the first and third terms using boundedness of T and of each Tj,:
IT(x) = TW)lle = 1T —y)lr < T lz - ylle,

ITn(y) = Tu(2) e = [ Tuly = 2)llr < (I Tall 1z — ylle < M [lz =yl 2.
Writing A := ||T|| ||z — y||lg, B := M ||z — y||g, and C := ||T(y) — T.(y)||r, we obtain

I7(2) = Tu@)llr < (I71+ M) = — ylle + | T() — Tl

ALB c

Now choose the two pieces small. Since D is dense in F, pick y € D with

£ £

x — < , sothat A+ B=(|T||+M)|x— <

Fix this y. By hypothesis T,,(y) — T'(y) in F' (because y € D), so there is N with
C=|T(y) - Tu(y)llr < 5 foralln > N.
Therefore, for all n > N,
IT(@) = Tu(@)llr < (A+B)+C< S+ 2 ==

Since ¢ > 0 was arbitrary, ||T,(z) — T'(z)||[r — 0; and since z € E was arbitrary,
T, —T. O
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Theorem 3

Let F be a Banach space and F a reflexive Banach space. Let T, € L(E, F') be such that
for every @ € E the sequence {T,(x) : n > 1} is weakly Cauchy in F. Then there exists
T € L(E, F) such that T,, — T.

Proof. Define T pointwise. Fix x € E. By assumption {7, (z)}, is weakly Cauchy in F.
Since F' is a reflexive Banach space, every weakly Cauchy sequence in a reflexive Banach
space has a weak limit, which gives an element of F', which we call T'(z), with

T,(x) = T'(z) weakly in F.

The weak limit is unique, so T'(x) is well defined. This defines a map 7" : £ — F.

T is linear. Let x,2’ € E and let a,b be scalars. Each T,, is linear, so T, (ax + bz') =
aT,(x) + bT,(x"). Weak limits respect linear combinations: for any ¢ € F*,

U(aT(x)+bT,(2") = al(To(x)+b (T (") — al(T(x)+bl(T(x") = £(aT (x)+bT(z")).

Thus T,(ax + bx’) — aT(x) + bT(2'), and since weak limits are unique, T'(ax + bx') =
aT(z) + 0T (x).

T is bounded. First, each weakly Cauchy sequence {7, (z)}, is bounded in F' by Proposi-
tion 2(b):
sup || T.(z)||r < 0o for every x € E.

Since E is a Banach space and each T,, € L(E, F), the family {7,,} is pointwise bounded on
E. By the Uniform Boundedness Principle (Banach-Steinhaus),

sup ||T,|| =: C < 0.

Next, applying weak lower semicontinuity of the norm to T,(x) — T(x), then using
ITa (@)l 7 < Tall %],

|7 ()]l < limind |I7,(2)]| < limint (|Zl|2]15) < ( sup |4l )1l = C el

So T' is bounded with ||T|| < C, that is, T' € L(E, F).
From above T,,(x) — T(x) weakly in F for every x € E, which is exactly T;, — T. O

Bounded Operators
The Banach Algebra of Bounded Operators

Throughout this section, E is a Banach space over the complez field C. Consider the space
of bounded linear operators from E to itself,

B:=L(E) = L(E, E).
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This B is a Banach space under the operator norm ||Al| = sup,,<i [[A(z)|z, and it also
carries a multiplication, namely composition of operators,

AB := Ao B, which satisfies ||AB| < [|A|||1B]| (A4, B € B).

The inequality [|[AB|| < ||AJl ||B]|| is called submultiplicativity. A Banach space with such a
multiplication is a Banach algebra. Moreover B has a unit, the identity map I € B:

TA=AI =A forevery A € B.

Invertible Operator
We say T' € B is invertible if there exists S € B with
ST=TS=1.

Such an S is unique; we denote it S = T~

Example: Neumann Series

Let T' € B with ||T|| < 1. Then I — T is invertible, and

(I-T) "= Z T"™ (with the convention T° := I).

n=0

Proof. The series converges in B. By submultiplicativity, ||[7"| < ||T||™ for every n > 0
(and ||T°]| = ||I|| = 1 = ||T']|°). Since ||T|| < 1, the geometric series of norms converges:

ZHT !<Z||T|| = |T||

Let S, := > ,_,T" be the partial sums. For m > n,

ISn=sull =] 30 < S ur< 3w o

k=n+1 k=n+1 k=n+1

because the right-hand side is a tail of a convergent series. So {S,} is Cauchy in B. Since E
is a Banach space, B = L(F) is also complete, so {S,} converges to some

S = iT" eb.
n=0

S is a two-sided inverse of I —T. Compute the product S, (I — T) and watch the terms
telescope:

ZTk I T Z (Tk _ Tk-‘rl) _ iTk: _ iTk-‘rl — [ — Tt

k=0 k=0 k=0
S~—— S~——
I+T+-+Tm TH+T2+4...4Tn+1

Now let n — oo in the equation S, (I —T) = I — T"".
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e Right-hand side. ||T"Y| < ||T||"** — 0, s0 T"™! — 0in B, and therefore I -7 — I.
o Left-hand side. Multiplication is continuous: if A, — A in B, then for any fixed B,
|AnB — AB|| = [|(An — A)B|| < [|An — A|l | B] = 0,
so A,B — AB. Taking A, = S,, A=S,and B=1—-T gives S,(I =T) — S(I—-T).

Both sides converge, so their limits agree: S(I —T) = I. The same telescoping with the
factor on the left gives (I —T)S,, = I —T™"! — I, and by continuity (I —T)S, — (I —T)S,
so (I —T)S = 1. Therefore S = (I —T)" " O

Remark. In this computation S,, and I —T commute, because both are polynomials in T'; so
the left and right products are equal and a single calculation handles both sides. In general,
to prove an operator is invertible one must check both ST = I and T'S = I separately.

Spectrum and Resolvent
We now study, for a fixed T' € B and a scalar A € C, the invertibility of

A=T: =X -TeB.

Finite dimensions. Let £ = C? so T is a d x d complex matrix. Then
A — T is invertible <= det(A\] —T) # 0 <= X is not an eigenvalue of 7T

and A is an eigenvalue exactly when det(A — 7) = 0. In infinite dimensions there is no
determinant, so we keep invertibility of AI — T" as the basic notion and make the following
definitions.

Resolvent Set, Resolvent, Spectrum
Let T € B= L(E).

a. The resolvent set of T' is
p(T) ={X € C: A\ —T is invertible in B}.
For X\ € p(T), the operator
R\T)=\-T)"'eB

is called the resolvent of T at .

b. The spectrum of T is the complement

o(T)=C\ p(T) ={X € C: X[ —T is not invertible}.
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Eigenvalue, Eigenvector

A nonzero vector x € E, x # 0, is an eigenvector of T if T'(z) = Az for some A € C; this A is
then an eigenvalue of T'. If ) is an eigenvalue, then (A —T")(x) = 0 with x # 0, so A\l — T
is not injective, hence not invertible, and therefore A € (7). Thus every eigenvalue lies in
the spectrum.

The Resolvent Identity and Commuting

Let A, € p(T'). The idea is to rewrite each resolvent by inserting the other one. Since
(uI —T)R,(T)=1and R\(T)(M —-T) =1,

RA(T) = RA(T) E’ul - T)RM(TZ> R,(T) = ﬁ/\(T)O‘I —T) R,(T).

~

Subtracting these two expressions and factoring out R)(7) on the left and R, (7") on the
right,
RA(T) = Ry(T) = By(T)[(u] — T) — (A — T)] Ry(T).

The middle bracket simplifies: (ul —T) — (Al — T) = pul — AI = (i — A)I. Therefore
RA(T) = Ry(T) = (4 — N) Ro(T)Ru(T). (1)
Now swap the names A and z in (1):
R(T) = RA(T) = (A — @) Ru(T)RA(T), L. RA(T) = Ry(T) = (u— \) Ry(T)RA(T). (2)

Comparing (1) and (2) gives (1 — N)Ry(T)R,(T) = (u — N R,(T)R\(T). When X\ # p we
cancel the nonzero scalar (u — \) to obtain

RA(T)R,(T) = R,(T)Ra(T)

and for A = g this is trivial. Using this commutativity in (1) also yields the stated form
RA(T) = Ry(T) = (1 — \R(T)RA(T).

Theorem 1
Let T'€ B = L(F), with E a Banach space over C. Then:

a. The resolvent set p(T) C C is open, and the map A — R)(T) is a B-valued analytic
function on p(7T'): for each Ao € p(T") there are coefficients ¢, € B with

RA\(T) = Z Cn (A= Xg)"  for all A sufficiently close to Ag.
n=0

Moreover, for all A\, u € p(T') the resolvent identity holds,
RBA(T) = Ru(T) = (b — A) Ru(T) RA(T),

and the resolvents commute: R,(T") R\(T) = Rx(T) R, (T).
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b. The spectrum ¢(7") C C is a nonempty compact set, and its spectral radius satisfies

F(T) == sup{]A| : A € (1)} < ||T]].

Proof of Part a. Motivation (treat everything as numbers). Fix Ao € p(T'). If A, Ao, and
T were ordinary numbers, we would write, for A near ),

I 1 1 | Z()\o—)\>
A=T  M-T)=(N=X) A-T 1-22 XN-T4\N-T/

the geometric series being valid when ‘M’ < 1. This is only a guide; we now do the same
(T).

thing rigorously with operators, replacing v

Build a candidate inverse. Assume

IA—Xo| < —=——=—, equivalently |\ — Xo|||Rx,(T)| < 1.

1
(1B (D]

Ry, (T) is invertible, so it is not the zero operator and ||Ry,(T")|| > 0. Then the operator
(Ao — A) Ry, (T') has norm

(Ao = ) Bxo (T = Ao = Al R ()] < 1,

so by the Neumann Series Example, I — (A\g — A\) Ry, (7') is invertible and

[T = (o= MRy (T)] 7 = (Ao = N)" [Rao(T)]"™. (+)

Define the candidate operator

-1

RA(T) := Ry (T) [T — (Ao — MRy, (T)] ' € B.

A commuting fact and a rewriting. By (x), the operator [I — (A\g — A)Ry,(T)]™! is a norm-

convergent series of powers of Ry,(T"). Since R,,(7") commutes with each of its own powers,
and multiplication is continuous, R),(7") commutes with this inverse:

Bag(T) [1 = (o = N Bxg (T)] ™ = [1 = (o = MR ()] By (7). ()

Also write AI — T in terms of \g:
M—T=MNI—-T)—(A— NI, since \gI — (Ao — A\)I = Al
Check that }NQ,\(T) inverts A\I — T'. Using the rewriting and then (#x) to move the inverse to
the front,
RA(T) (ML= T) = Rag(T) [1 = (Ao = N By (T)] ' [l = T) = (Ao = N)]]
= [1= (0 = N Ex, (D] Ry (1) [(Mol = T) = (o = M)]]

= [1 = (3 = MR (D] [Rog (T) (Mol = T) = (Ao = A) Ry (T)].
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Now Ry, (T)( Ao = T) = (AeI — T)"“(AoI — T) = I, so the bracket simplifies to
Ry (T)( Mol = T) — (g — ARy (T) = I — (Ao — A) R (T),
and therefore
RA(T) (A =T) = [T — (Ao — MRy (T)] " [I = (Ao — ARy (T)] = I.

The identical computation with the two factors in the opposite order (again using (xx)) gives
(M -=T) RA(T) = I. Hence A\I — T is invertible, with inverse R,\(T)

Openness and the power series. We have shown: whenever |A — Xg| < 1/||Rx,(T")]|, the point
A lies in p(T'), and

RA(T) = BA(T) = Ry (T) Y (Ao = N)"[Rag (D))" = > (=1)" [Ray ()" (A = Ao)",

where we used (A\g—A)" = (—=1)"(A—Xg)"™. So every \g € p(T) is the center of an open disk of
radius 1/||Ry,(T")|| contained in p(T"); this proves p(7T') is open. On that disk, Ry(7") is given
by a norm-convergent power series in (A — \g) with coefficients ¢, = (—1)"[Ry,(T)]"™ € B,
so R (T) is analytic on p(T)).

The resolvent identity and commuting. Let A\, u € p(T'). Start from the elementary identity
(I =T) = (M = T) = (= NI
Multiply on the left by R, (T) = (uI —T)~* and on the right by R\(T) = (M —T)~*
Ru(T)[(n = T) = (M = T)] Ro(T) = (1 = X) Ru(T)Ra(T).
Expand the left-hand side into two terms and simplify each:

R, (T)

~

ul —T) Ro(T) = Ry(T) (M = T)Ry(T) = Ry(T) — R,(T).

=17 =1

This gives the resolvent identity
RA(T) = Ru(T) = (1 — ) Ru(T)Ra(T).

Swapping the roles of A and 4 in this identity gives R, (T)—R\(T) = (A—p)Rx\(T)R,(T'), that

t
(1),

m
is, R\(T)— R, (T) = (n—N)R\(T)R,(T). Comparmg the two expressions for RA( )—R,

if 4 # A we may cancel the nonzero factor (i — \) to get R, (T)Rx(T) = Ry\(T)R,(T); for
= A this is trivial. So the resolvents commute. O]

Proof of Part b. Large X lie in p(T). As motivation, if A and 7' were numbers we would

write, for |\ > |17,
1 1 1 I =T
A—T X 1-T/A *XZV‘
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For operators, fix A € C with |A| > ||T||. Then ||$T|| = [IT|/|A] < 1, so by the Neumann
Series Example I — %T is invertible. Set

RA(T) = %( . %T)_l.

Since \[ — T = )\(I — %T), a direct check gives

RA(T)A —T) = L(1 - +1)™"

)AL AT) = (1 A1) (- ATy = 1

A

and the same on the other side. So A € p(T) and Ry(T) = R\(T) for every |A| > ||T|.

o(T) is compact, and r(T) < ||T||. Previous part says every A with |A| > ||T|| is in p(T).
Equivalently,

o(T) S {z e C: [z <|IT},
so o(7T) is bounded and 7(T") = sup{|A| : A € o(T)} < ||T||. Also o(T") = C\ p(T) is closed,
being the complement of the open set p(T). A closed and bounded subset of C is compact
(Heine—Borel), so o(7T') is compact.

o(T) is nonempty. Suppose, for contradiction, that o(T) = (), i.e. p(T) = C. Then A\ —
R, (T) is analytic on all of C. For |A| > ||T||, expanding the Neumann series from Previous

part,
_ > "
RA(T) = %( —§T) = %ZV’
n=0

" 1 1 1
R

— . - > 0
mo AL T T AT e

1 oo
[RA(T)]| < o >
n=0

Thus Ry (T) is an entire B-valued function that is bounded on C (it is continuous, hence
bounded on the disk |A| < ||T|| + 1, and small outside) and tends to 0 at infinity. By
Liouville’s theorem (for Banach-space-valued analytic functions) a bounded entire function
is constant; since it also tends to 0, that constant is 0, so Ry(T) = 0. But Ry\(T) = (\[-T)~!
means (A —T)R\(T) = I; if R\(T") = 0 then (A —T) -0 =0 # I, a contradiction. Hence
a(T) # 0. O

Spectral Radius Formula
Let T € £(E). Then the limit lim,, ., ||77]|"/" exists and equals the spectral radius:

H(T) = Tim [T[ " (< |T)).

The bound ||77"||"/™ < ||T|| holds for every n, because ||T|| < ||T'||" by submultiplicativity;
hence the limit is < ||T'||, which refines the estimate r(7') < ||| from Theorem 1(b). The
equality r(T") = lim,, |77||*/™ is proved using the analyticity of the resolvent from Theorem 1;
we take it as stated here.
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Example: Invertible Operators
Let T' € L(E) be invertible. Then 0 ¢ o(T), since 0- I —T = —T is invertible. Then:
a. o(T™YH ={1/A: xea(T)}.
b. If S € L(F) commutes with T', that is ST = T'S, then S commutes with 7-': ST~ =
T-1S.
Proof.

a. We want to show A € o(T71) if and only if 1/\ € o(T). Equivalently, we want to show
A€ p(T71) if and only if 1/X € p(T). Since T and T—! are invertible, 0 ¢ o(T) and
0 ¢ o(T1), so we only consider A # 0. For such ), factor

N =T = 2T (A1 -1T),

Indeed, expanding the right side: —AT~!($1—=T) = =AT 1 I4+AT!'T = =T '+ =
M —T~'. The factor —AT~! is invertible (a nonzero scalar times an invertible operator).
Therefore A\I — T~ is invertible if and only if 7 — T is invertible:

Aep(T™") = 1ep(T).

Taking complements, A € o(T!) <= 3 € o(T), which is exactly o(T) = {1/X:
Aeo(T)}.

b. We want ST~! = T-1S. Since T is invertible, it is left-cancellable, so it is enough to
show T(ST1) = T(T~'S). Compute both sides using 'S = ST"

T(ST Y = (TS T =(ST)T ' =S(TT =S TT'S) =TT S =S5.

Both equal S, so T(ST~1) = T(T~'S); multiplying on the left by T~ gives ST! =
T-18. n

We extend the polynomial calculus P +— P(T) to entire functions. Recall that an entire
function f : C — C is given by a power series

o0

f(z)= chz”, z € C,

n=0

with infinite radius of convergence; equivalently, >~ |c,|r™ < oo for every r > 0.

Definition (f(7"))
Given an entire function f(z) => 7 ¢,2" and T' € L(E), set

f(T):=> " c,T" € L(E).
n=0
This series converges absolutely in £(E): taking r = ||| in the convergence condition,

00 o0
D e <D leal IT)" < o0,
n=0 n=0

and since L(F) is complete, the partial sums converge.
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Spectral Mapping Theorem
Let T'e€ L(F) and let f: C — C be entire. Then

o(f(T)) = f(o(T)) ={f(A) : A€ a(T)}.

Proof. For f a polynomial, we prove the two parts. The general entire case is the same
idea, with extra care about convergence of the infinite series. Let f(z) = Ziv:o 2" be a
polynomial of degree N. Then f(T') = Zivzo ¢, T™ is a polynomial in T'. We show o(f (7)) =
f(a(T)).
1. f(o(T)) Co(f(T)). Let a € o(T); we show f(a) € o(f(T)). View f(a) — f(z2) as a
polynomial in z. It vanishes at z = «a, so (z — «) divides it; writing the linear factor
as (o — z), there is a polynomial g with

fl@) = f(z) = (@ = 2) g(2).

Substituting the operator T for z (a constant f(«) becomes f(«)I), the polynomial
calculus gives

fa)l = f(T) = (al =T)g(T).
Suppose, for contradiction, that G := f(a)l — f(T) is invertible. Then

=G 'G=G"(al =T)g(T).

All of G™1, g(T'), and oI — T are polynomials in T, so they commute with one another.
Rearranging,
1= (ol = 1)[g(T)G™] = [g(T)G](al - T),

which exhibits g(T)G~! as a two-sided inverse of al —T. So a € p(T'), contradicting
a € o(T). Hence f(a)l — f(T') is not invertible, i.e. f(a) € o(f(T)).

2. o(f(T)) C f(o(T)). Suppose, for contradiction, there is u € o(f(7)) with p ¢
f(o(T)). Factor the polynomial u — f(z) (of degree N > 1, with leading coefficient
¢ # 0) into linear factors over C:

N
=c||(z—2)
k=1
where 21, ..., zy are its roots, so f(z;) = p for each k. None of these roots lies in o(T):

if some z; € o(T'), then u = f(z) € f(o(T)), contradicting u ¢ f(o(T")). Hence every
2z € p(T), so each zI — T is invertible. Substituting 7" for z,

N

pl — f(T) =c][(zd = T).

k=1

This is a nonzero scalar times a product of invertible operators, which all commute,
being polynomials in 7', so it is invertible. Therefore pu € p(f(T)), contradicting

pea(f(T)).
The two parts give o(f(T)) = f(o(T)). O
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Example: Spectra of ST and T'S
Let S,T € L(F). Then o(ST) and o(T'S) can differ only at the point 0:

o(ST)\ {0} = o(T'5) \ {0}.

Proof. 1t suffices to show that for A # 0, if A € p(T'S) then A € p(ST'); the reverse inclusion
follows by swapping the roles of S and T'. So fix A\ # 0 with A € p(T'S), and put

A=A -TS)™", so M—-TS)A=AN -TS)=1.
We claim that §(I + SAT) is the inverse of AI — ST. Compute
(A — ST)(I 4+ SAT) = M + ASAT — ST — ST SAT = M\ — ST + [ASAT — S(T'S)AT].
The bracketed terms combine, using AA — (T'S)A = (A — T'S)A = I
ASAT — S(TS)AT = S[AA — (TS)A]T = S[(\I = TS)A|T = SIT = ST.

Therefore (A — ST)(I + SAT) = A — ST 4+ ST = M. The analogous computation (using
AN —TS) =1) gives (I + SAT)(A — ST) = Al. Hence
(A —ST) -

(I +SAT) = L+(I+SAT)- (A —ST) =1,

1 1
hY hY

so Al — ST is invertible and A € p(ST'). This proves p(T'S)\ {0} C p(ST); by symmetry the
two agree off 0, and so do their complements. O
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