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Metric Spaces and Normed Vector Spaces
Metric Space
A metric on a set M is a function p: M x M — [0, 00) such that
L p(z,y) = p(y,x), Yo,y € M.
2. p(z,y) < p(x,2) + p(z,y), Vo, y,z € M.
3. p(z,y) =0 if and only if z = y.

Example

Let M = RP. Then, for z = (z1,...,2,) € R? and y = (y1,...,y,) € R?,

pa,y) = /(@ — 91)2 + - + (2 — 42,

pr(@y) = o=l 4+ |z =yl poole,y) = max fa; — g,
SISp

Convergence

x, € M converges to x € M if p(z,,x) 27 0. We write lim T, =T Or T, — T as . — OQ.
n

Note. For the standard metrics on R? (py, po, poo), 2" = (27,...,2) = = = (21,..., 1) if
and only if ' — x; for all 1 <7 < p.

Example

Let M = C([0,1]), the space of continuous functions on [0, 1]. Then,

m@MIAMM—MM® p(sy) = sup [o(t) — y(t)].

0<t<1

Let K = poo(z,y).

m@MZAMW—MWﬁSAKﬁzKZM@w-

Note that pi(x,y) < poo(,y), SO poo-convergence implies p;-convergence, but not necessarily
vice versa.

Cauchy Sequence

A sequence z,, € M is Cauchy if p(z,,z,) = 0 as n,m — oo.

Proposition 1
If £, = = in M, then (z,) is Cauchy.

Proof. p(x,,Tm) < p(zn, x) + p(Tm,x) = 0 as n,m — 0o
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Completeness of Metric Space
(M, p) is complete if every Cauchy sequence has a limit. That is, if p(z,,x,) — 0 as
n, m — oo, then there exists x € M such that z,, — z.
Example
a. M =R is complete, but QQ C R is not, with the subspace metric.
b. M = L'([0,1]) with pi(z,y) fo |z(t) — y(t)| dt is complete.
c. C([0,1]) € L*([0,1]) with p;(z,y) is not Complete.

Remarkz For example c, recall every x € L' can be approximated by a sequence z, €
fo |z, (t) — x(t)| dt — 0. Consider the specific sequence defined by the following
step functlon

0 ifo<i<l 0 fo<t<i

1 =

t) = - 2 e LY[0,1]), xn(t) = t—4) fl<t<iqp L

o(t) {1 1cpe; SLOM. m) = qnt-]) iti<e<ias
1 if;+12<t<1

Then,
! 1
/ |z, (t) — x(t)| dt = — — 0 as n — oc.
0 2n

x, is Cauchy with respect to p; but = ¢ C([0, 1]).

Dense

B C M is dense if every z € M can be approximated by z,, € B: z, € B —x € M.

Theorem 1

For any (M, p) there exists a complete (M, p) such that M is isometric to a dense subset
B C M. That is, there exists a bijection h : M — B such that

pla,y) = p(h(x), h(y)), x,y € M.
(M, p) is called the completion of (M, p).

Remark. Isometric means distance-preserving. When we say that a map h : M — B is
an isometry, it means that the distance between any two points in M is exactly equal to
the distance between their corresponding images in B under the mapping h. In Theorem 1
above, h and its inverse h~! : B — M are continuous.

Example
1. R is the completion of Q.
2. L'([0,1]) is the completion of C([0, 1]) with respect to pi(z,y) fo lz(t) — y(t)| dt.



Equivalence relation

n—o0

If (z,), (yn) are Cauchy sequences, (x,,) ~ (y,) if p(zn, yn) — 0.

Continuous Functions
Let f: (M, p) — (Y,v) be a function.

1. f is continuous at xq if x, — o implies f(z,) — f(x¢). Equivalently, for any e > 0,
there exists 9 > 0 such that

v(f(x), f(x0)) < € if plro,z) < 6.

We write lim f(z) = f(xo)

T—T0

2. f is continuous if f is continuous at all z € M.

Open Balls and Closed Ball
Bs(x) ={y € M | p(z,y) <0}, Bs[z] ={ye M| p(z,y) <4}

Open Set
A C M is open if Vo € A, 3Bs(z) C A for some § > 0.

Closed Set
F C M is closed if F'*= M \ F is open.

Theorem 2

Let 7 be the collection of all open sets (all open subsets of M). Note that M € T, 0 € T.
T is closed under arbitrary unions and finite intersections.

Remark. () and M are open and closed. T is called the topology of M.

Corollary 1

Let F be the set of all closed sets. F is closed under arbitrary intersections and finite unions.

Neighborhood
A C M is a neighborhood of z if x € A and there exists Bs(x) C A with § > 0.

Inner Point
x € A is an inner point of A if there exists Bs(xz) C A with 6 > 0.

Fact. The set A° of all inner points of A is open.



Closure

Given A C M, its closure A is the smallest closed set that contains A.

Theorem 3

A={z € M| there exists {z,} C A with lim,_,o 7, = 7}

Corollary 2
F C M is closed iff F = F iff {z,,} C F with lim,,_,. z,, = « implies z € F.

Normed Vector Spaces (nvs)

A normed vector space E is a vector space over R (or C) with a function, which we call a
norm, || - ||g: £ — [0, 00) such that

L azxllp = laflz]l
2. lz+ylle < llzlle + llylle
3. |zl =0iff x =0
Note. || - || g defines the distance p(x,y) = ||x — y||g, z,y € E.

Triangle inequality
lz = ylle = ll(z = 2) + (z = Y)lle < llz = zllz + [z = ylle-

Example

1. Examples of norms on R? from which the previous metrics arise: for z = (z1,...,24) €
R?,

|zlls = /22 + 23+ - - + a2,
|zl = |z1] + - - + |zal,

oo = max |z

2. E=C([0,1]) with p1, poo:
1
14 :/ (@)l dt,  [|z]loo = sup [x(t)].
0 0<t<1

Completeness of Normed Vector Space

If a normed vector space E is complete, it is called Banach.



Example
1. R? with ||z||1, ||z|l2, ||7|le is Banach.
2. C0,1] is Banach with sup norm ||z||, but not Banach with ||x||;-norm.
3. L'0,1] is Banach — ||z]|; = fol |z(t)| dt. C0,1] is dense in L]0, 1].
4. Q% is not Banach.

Linear Operators

Let E, F be normed vector spaces, T': E — F be linear. The following claims are equivalent:
(a) T is continuous at 0.
(b) T is continuous on E.
(c¢) T is bounded: There exists C' > 0 so that ||T'(z)||r < C|z||g, V2 € E.

Notation. We denote L(E, F') the set of all bounded linear 7' : £ — F'

Proof. (b) = (a) is obvious. For (a) = (b), let z,, — x in E. Then, by linearity,
Tp,—2x—0in £ and T(z, — ) = T(x,) — T(z) — 0 as n — oco. Thus, (a) = (b).

For (a) = (c), since T is continuous at 0, there exists 6 > 0 such that
IT(@)[r = T (z) = T(O)||r < 1if [zl = |z = 0|z <6

For y € E and y # 0,

lylle _ . lyle

1
o L = 2 yle = Cllylle

e = |7 (- -0)

1yl

where C' = 1/4. For (¢) = (a), if z, — 0 then,

T (x)||Fr < Cllzn]lp — 0 as n — oo
Ezercise. T is bounded iff sup ||T(z)||r < oo for ||z||g < R, VR >0

Operator Norm

Given T € L(E, F), its operator norm is the number:

1Tl = sup |T(z)lr = sup [[T(z)||r

[zl z<1 =]l g=1
Note.
(1) [T < Cin (c)
(i) [|7] is the smallest C' > 0 for which (c) holds
(iii) Important: ||T(x)|[r < [IT]|Ix]e



Ezercise. L(E, F) with || - || is nvs.
Proof. We provide the proof for triangle inequality proof. Let T, G € L(E, F), ||z||g < 1.

sup |[(T'+ G)(2)[[p = sup [[T(2) + G(z)[[r < |T] + |G|

Izl z<1 lzlz<1
Dual Space
Given nvs E, its dual space is E* = L(E,R) (or E* = L(FE,C)). Note that E* is Banach.

For ¢ € E*,x € E, we denote

U(x) = {6, 2)pep = ({,7)

Example
. E=R4 1€ B*=LRER)isl(x) = a-x = (a,z) = Zle a;x; where a = (ay,...,aq) €
R, o = (2q,...,14) € R

2. Let E, F be nvs. Then E x F is nvs with ||(z,y)|l2 = +/||z]|% + |[yll%. Also, [|(z,y)|1 =
x|z + lyllF, and ||(z,9)|lco = max{||z| g, ||y||r}. Moreover, if E, F' are Banach, then
FE x F'is Banach.

Main Theorems of Normed Vector Spaces
Hahn-Banach Theorem

Let E be a normed vector space and M C E be a vector subspace. Let f € M* = L(M,R)
(the dual space of M). Then there exists ¢ € E* = L(E,R) extending f such that ||¢|| g =

(Nalves

Remark. The proof uses Zorn’s Lemma, but Zorn’s Lemma is not needed if F is separable
(i.e., if £ has a countable dense subset).

Corollary 1

Let E be a normed vector space and F' C E be a closed vector subspace such that F' # F.
Then, there exists a nonzero ¢ € E* so that {|p =0 (i.e., £(y) = 0 for all y € F'). Moreover,
if xg & F, then there exists £ € E* so that ¢(x¢) = 1 and ¢(y) = 0 for any y € F.

Proof. Let xo ¢ F. We begin by constructing the subspace M:
M=Razg+ F={txg+y:teRye F}.

Before proceeding, we establish a crucial property: if tzg +y = 0, then £ = 0 and y = 0.
To prove this, suppose tzg +y = 0 with ¢ # 0. Then we would have o = —¥% € F since
F' is a subspace, contradicting our assumption that zy ¢ F. Therefore, ¢ must be 0, and
consequently y = 0.



We now define a linear functional f : M — R by f(tzo + y) = t. Note that this definition
implies f(x¢) = 1 and f(y) =0 for all y € F'. To show f is well-defined, suppose txy +y =
t'xo+y. Then (t —t')zo+ (y —y') = 0. By our previous observation, this implies ¢ = ¢’ and
y=1,s0 f(txg +vy) = f(t'zo + ¢'). The linearity of f follows naturally:

flar(tizo +y1) + aa(tazo + y2)) = auty + asty = a1 f(tizo + Y1) + o f(taxo + y2).

To prove f is bounded, let d = inf,cp ||zg — z|| . We claim that d > 0. Since F' is closed and
xo &€ F, if we had d = 0, there would exist a sequence {z,} C F with z, — ¢, contradicting
i) g F.

For any txy +y € M, we have

y y
[tz + ylle = [t] onJrZH :|t\Hx0—<——>H > |t|d.
E t/ e

Therefore, if ||tz + y||z < 1, then [¢| < 2. This shows:
1
Ifllar- =~ sup  [f{two+y)l= sup ] < - <oo.
lltzo+yll B <1 l[tzo+yll p<1

By the Hahn-Banach Theorem, f extends to a functional ¢ € E*. This extended functional
¢ satisfies £(xg) = f(xo) = 1 and £(y) = f(y) = 0 for all y € F, completing our proof.

Comment. Corollary 1 is a standard tool to prove by contradiction that a vector subspace
D C FEis dense (D =E).

1. Assume the opposite, D # E. Note that D is a closed vector subspace.

2. By Corollary 1, there exists a nonzero ¢ € E* such that ¢ = 0.

3. But if other arguments show that ¢/|; =0 = ¢ =0 on E, we reach a contradiction.
Note that if £|p = 0 and ¢ is continuous, then for any sequence {x,} C D with ,, — x € D,
we have ((z,,) — {(zg) = {(z9) = 0.

Corollary 2

(a) For each nonzero x € F, there exists a nonzero ¢ € E* such that

U(x) = (£,x) = [|¢]

E* x“E

We say ¢ and x are aligned.

(b) For any x € F,

lzlle = sup [é(z)].
el <1

Recall that ||/]

Ex = SUP|z||p<1 [¢()].

Remark. 1t is always the case that |((z)| < ||¢||g«||z||g. For (a):



1. If E = R? with || - ||o, then E* = R? with || - ||o. Two vectors £ = (ay,...,aq) and
x = (x1,...,14) are aligned if

U(z) = {a,2) = azy + - + agrg = [|afla[l]2-

2. If E =R? with || - ||1, then E* = R? with || - ||, and we have:

{a,2) = llallollz]l1-

Proof. Assume the base field is R.
(a) Let zp € E and xy # 0. Define
M =Rz = {tzg : t € R}.
Define a linear map f : M — R by f(tzg) = t||zo|| g, and then:

[fllare = sup |f(tzo)| = sup [t][[zollp =1.

l[tzollz<1 [tlllzollp<1

Note that f(zo) = ||l@olle = || flla=llzolle- Thus, f is linear and bounded, so f €
L(M,R). By the Hahn-Banach Theorem, there exists ¢ € E* extending f with

1l 2= = [[f1lar= =1,

= U(wo) = f(20) = [lzollz = [|7]

E* (L’0||E

(b) Let xp € E and ||¢||g- < 1. Then,
[£(zo)| < ]| &= lzollz < [lzolle = sup [£(zo)| < [|zo] -
]l z= <1
By part (a), there exists £ € E* such that ||¢||g« = 1 and ¢(zo) = ||@o]| &

Norm of Adjoint Operator

Let E, F' be normed vector spaces and T' € L(E, F'). We define the adjoint 7" : F* — E* to
be the linear map that assigns to each ¢ € F* the functional T"¢ € E* defined by

(T'0)(z) == U(T(z)), x€E.

Proposition 1
T € L(F*,E*) and ||T"|| = ||T||-
Proof.
T’ = sup [[T"l||p- = sup sup [(T"¢)(z)|= sup sup [((T(z))]

]l = <1 ]l = <1 [lzllp<1 ]l p= <1 |lzllz<1

= |T'|| = sup sup [{(T(x))|= sup sup [{(T(x))]

€]l = <1 ||| <1 =l z<1 €]l p=<1

By Corollary 2 (b),
1Tl = sup sup [((T'(x))| = sup ||T(z)llr = [T]|

lzll <1 léllpx <1 =l z<1



Embedding

Let E be a normed vector space and E** = (E*)* = L(E*,R). Every z, € FE defines
naturally a functional J,, defined by

To(0) = U(zo), (€ E*

Note that |J,, (£)] = [¢(z0)] < [|€]

E* SE'()HE

Proposition 2
The map J : E — E** that assigns to xy € E the linear functional J,, € E** is an isometry:

2ol = Il Jao | -

i.e., the space E is isometrically embedded into E** and we write £ C E**.

Proof. For xy € E, by Corollary 2 (b),

[zollz = sup [f(zo)| = sup |Juo(O)] = [/l
el <1 el g <1

F**

Baire’s Lemma

Let (M, p) be a complete metric space and M = \U,, M,, with all M, closed. Then, there
exists ng > 1 so that M,, # 0, i.e., there exists By, (xo) C My,. Recall M,, = Int(M,,) =
{r € M,, : B,(z) C M,, forsomer>0}.

Proof. We prove by contradiction. Assume M, = (), Vn > 1. Then for each n,
O, = M = M\ M, is dense and open in M

Every B,(x) € M contains y € O,. We will show that G =, O,, is dense, but

G=()On=\M= (UMR> =M=

and this is a contradiction.

To see GG is dense, note G is dense if every B, (o) contains x € G. Fix B,,(xg). Since O is
dense,

EIE’H ('Tl) g Bro (I’O) N 01, with 71 S 7'50

To get B,,(z1), we can always find an open ball in a nonempty open set. Thus, we can take
a closed ball to be the closure of an open ball with half the radius (or the closure of any
other smaller ball).

Since Oy is dense, B, (z1) N Oy is nonempty and open.

HETQ(I‘?) g B’r‘1(x1) N 02 with Ty S < S —

32
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Since O,,41 is dense,

IB,. . (tns1) C By, (2) N Opsy with 1y < —0

Tn+1 — on+l

We claim the sequence {z,} is Cauchy. If j, j/ > n, then z;,z; € B, (z,), and
T
p($j7$j’> < P(xj’xn) + P(xj’axn) <2 2_2 —0as j,j’ — o0
Since M is complete, x = lim,,_., =, exists. Note that

2 € () Bro(an) € () Bru(n) € O, Ym > 1

n>1 n>0

because B, (1,) is closed so the limit belongs to it. This means x € Ny>1 Om = G.

Banach-Steinhaus Theorem
Theorem 2

Let E, F be normed vector spaces and E be Banach. Let T; € L(E, F), i € I, and for each
r el

sup || T;(z)||r < 0o (pointwise uniform boundedness)
iel

Then sup;¢; || 7] < oo, or equivalently, for every R > 0,

sup sup ||Ti(z)||r = sup sup||Ti(z)||r < oo
i€l |z p<R el p<R i€l

Proof. By assumption, for each n > 1, the set
M, ={z € E:swp||Ti(z)|lr <n} = {z € E:||Ti(2)|lr < n}
el icl

is closed because each T; is continuous. Since every x € E is pointwise bounded, we have
E =, M,. By Baire’s Lemma, there exists ng > 1 such that M, # (), meaning:

By (20) € {x € Bz sup [ Ti(2)[|r < mo}
1€

We will show that 1 1
ITi]| = — sup ||Ti(»)||r < ECO

0 llyllz<ro

where Cj is independent of ¢, by showing;:

sup | Ti(y)l[r < Co

llyllz<ro

Let y € E with |ly||g < 1. Then,

ITi@)lle = 1Ti(y + 20 = zo)llr < [ITiwo + y)llr + I Ti(z0) [ < no + sup [ Tilzo) |7 = 20
1€

11



because g + y € By, (7o) and sup;c; ||T;(0)||r < no. Thus, we can set Cy = 2ny.
Remark. Let T; € L(R? R?) be given by matrix components:
T, =(a},), 1<k<d 1</(<d

Then sup, |Ti(z)|| < oo for all z € R? implies sup, |ai,| < oo for all k,£. Indeed, if e
(k=1,...,d) is the standard basis of R¢, then

sup laky] = sup le - (Ti(er))| < sup [ Ti(e)l| < 00, £=1,....d

As |lex|| = 1 and | cosa| < 1, we have:

ex - (Tiee)) = llexll[[Ti(eo) || cos o

Open Mapping Theorem
Let M,Y be metric spaces and f : M — Y. The following are equivalent:
(a) f is continuous
(b) f~Y(U) € M is open for any open U C YV
(c) f7Y(F) C M is closed for any closed F' CY
Let E, F' be Banach spaces and T' € L(F, F) be surjective (onto). If U C E is open, then
T(U) C F is open.
Theorem 3

Let E, F' be Banach spaces and T' € L(E, F') be surjective. Then there exists ¢ > 0 so that
BF C T(BF) where

Bf ={ycF:|ylr<c}, BE={zcE:|z|g<1}
Here, B = {z € H : ||z||g < r} denotes a general ball of radius r in space H.

Proof. Since T is onto,
E=|JB! F=|JT(BE
n=1 n=1

We take the closure here to apply Baire’s Lemma. By Baire’s Lemma, there exists ng > 1
such that B (zo) € T(BE). Since T is linear, we have y = T(v) = —y = T(—v),

meaning y € T(BL) = —y € T(BE ). Thus, BE (—zy) C T(BE).
For y € BY

T0’

1 1 _
y = 5(% +y) + 5(—1“0 +y) € T(BE)

where zo +y € BE (x9) and —zo +y € B (—x0). By convexity, Bf C T(BE). Now we
claim:

By, my € T(BY) € T(BY)

ro/mo =

12



Let § = ro/ng. If this holds, then Bf' C T(BY) = 352 C T(BF).

We first show T'(BF) C T(BE¥). Let z € T(BF). Then there exists z; € BF such that

2 —T(x1) € Bs € T(Bf),)

This is because z lies in the closure of the image of B¥, allowing us to approximate z closely
by elements in the image. Similarly, there exists zo € BIE/2 such that:

z—T(x1) —T(xs) € Bf/gz - T(Bf/p)
Inductively, there exists z,, € BlE/Zn_1 such that:

2 =T(1+ -+ ) € Bjjpn CT(Bf))

Note that:

5 n—oo
o= T+ 4 a)llp < 5 2250

The series Y - | @, converges absolutely since:

o0 oo 1
Dollele <1+ 5 =2
k=1 k=1

Since E is Banach, © = Y7 2 = lim, 0 Y, ) exists, and:

oo
lzlle <) llewle < 2
k=1

Therefore,
z=lm T(x1+ - +x,) =T(zr) and |z|g <2

n—oo

Hence, z € T(BY), which proves T(B¥) C T(BY).

Corollary 3

Let E, F' be Banach spaces and T' € L(E, F') be onto. Then, T'(U) C F' is open for any open
UCFE.

Proof. Let U C E be open and yo € T'(U). Then, there exists xg € U and § > 0 so that
BF(zo) C U and yo = T(x). By Theorem 3, there exists ¢ > 0 such that B C T(BF),
implying BX C T(BF). We have:

Yo + Bls C T'(xo + By) = T (B (z0)) C T(U)

Therefore, T(U) is an open set.

13



Inverse Mapping Theorem

Let E, F be Banach spaces and T' € L(FE, F) be bijective. Then, T-! € L(F, E).

Proof. Let U C E be open. Then (T~1)~Y(U) = T(U) is open by the Open Mapping
Theorem. Thus, 7! is continuous, so it is bounded.

Closed Graph Theorem

Let E, F' be Banach spaces and T : E — F be linear. Assume its graph:

'={(z,T(x)) e ExF:xe€ E} CEXFis closed.
Then, T' € L(E, F).

Proof. Since I" is a closed vector subspace of £ x F', I' is a Banach space as well. Both
projections of I' are continuous:

(z,T(x)) el recE

(2, T(x)) el = T(x) € F
Since ||mi(z, T(2)) e = lzlle < V/lzlE + 1T(2)[7 = |l(z,T(2))||pxr, 71 is bounded and

clearly bijective. By the Inverse Mapping Theorem, 7; ' : E — T is continuous. Since
T = mom ' is the composition of two continuous functions, T is continuous and thus

bounded.

Comment. Proving continuity of T": £ — F':
1. In a standard way, given x,, — = in E:
(i) Prove lim,, T'(z,) = y exists.
(ii) Prove y = T'(x).

2. Using the Closed Graph Theorem: Given z,, — z in F and T(z,) — y in F, prove
y="T(x).

Hilbert Spaces
Inner Product

Let H be a complex vector space. An inner product on H is a C-valued function denoted
by (x,y), for x,y € H, such that:

i. (x,z) >0Ve € H; (z,z) =0if and only if z =0
ii. Ve,y,z€ H, and o, 3 € C:

(ax + By, z) = alx, z) + Bly, 2),

(z,az + By) = a(z,z) + B(z,y),
(z,9) = (y,2).

14



Examples

1. H=C% x = (21,...,24), y = (y1,-..,9q) € C&

d
=1

d
Then, (z,2) = Y5, ||,

2. (% is the space of all sequences (z1, s, ...) such that

oo
Z |zn]? < 00,
n=1

with the inner product (z,y) = > 7| £, 7,

3. C = C([a,b]) is the space of continuous complex-valued functions on [a, b] with
b —
()= [ 105 e

Then, (f, f) = [7|f(1)|d.

4. L*(X, p) is the space of complex-valued square-integrable functions (equivalence classes)
on a measure space (X, X, u) with

(f.g) = / F@)a (D) i

In fact, Examples 1 and 2 are just specific cases of Example 4 using the counting
measure.
Inner Product Space (Pre-Hilbert Space)
A complex vector space equipped with an inner product is called an inner product space or
pre-Hilbert space.
Orthogonality
Let H be a pre-Hilbert space. We say x L y in H if (z,y) = 0. The induced norm is defined

as:
|lz||g == +/{z,x), x€ H.
Pythagorean Theorem

If x L y, then
e+ yll7 = ez + lyll7-

15



Proof. Let (x,y) = (y,z) = 0. Then,
Iz +yllE = (2 +y, 2 +)

= (z,2) +(z,y) + (y,2) + (¥, y)
= llzl% + lyll%

Orthonormal System
A subset {e; : j =1,..., N} is an orthonormal system (ONS) if

1 ifk=¢
<6k7€€>: . .
0 ifk 41

Note that ||ex||% = (ex, ex) = 1.

Theorem 2

Let {e;:j=1,...,N} be an ONS. Then for any x € H:
L. Z;-V:1<x, e;)e; and x — ij:1<x, e;)e; are orthogonal.

.. N N
i [lzllf =l = o2 eellE + 1 2052 (@ ees |

iii. Bessel’s Inequality:
N

> e)l® < el

=1

Proof. We first prove (i) by showing that « — ijzl(x, ejyej Legforallk=1,... N:

N
Z x,ej)ej, er) = (x,er) — (T, ex)(er, ex) = (T, ex) — (x,e5) =0
7j=1

Next, (ii) follows directly from (i) and the Pythagorean Theorem, and (iii) clearly follows by
dropping the non-negative first term from the right-hand side of (ii).

Remark. If {e; : j = 1,...,N} is an ONS, then {e;,...,en} is linearly independent.

Indeed,
N

O:Zajej = ap =0 Vk
j=1

which is shown by taking the inner product of both sides with each ey.

16



Cauchy-Schwarz Inequality

For any z,y € H,
[z, )] < Nzl llylla

Proof. Let y # 0. Consider the single-element ONS {m} By Bessel’s inequality:

1

Y
> o) < llolly = |{o )
= Yyl

2
<zl = Ko,y < el lvllE

Corollary 1
|z||lg = v/{(z,x), x € H, is a well-defined norm.

Proof. We prove the triangle inequality. For any z,y € H:

|z +yli = (x+y.2+y)

(

= (z,7) + (2,9) + (y,2) + (¥, )
<z, z) + [{z, )| + [{y, )| + (v, y)

< zllF + lyllz + 2zl zllyllz  (by Cauchy-Schwarz)

|
(Il + llyll)?

Hilbert Space

A pre-Hilbert space H is called a Hilbert space if it is complete with respect to the induced
norm || - ||x.

Projection Theorem

Let H be a pre-Hilbert space. Given a vector subspace M C H, its orthogonal complement

is defined as:
t={reH:(x,;m)=0 Yme M}

We write x L M if x € M+. Note that M~ is always a closed vector subspace of H due to
the continuity of the inner product.

Theorem 3

Let H be a Hilbert space and M C H be a closed vector subspace.

i. Vo € H, there exists a unique my € M such that

;= inf - = ||z —
d:= nf |l —mlg= |z —molm

Moreover, (x —mg) L M. The vector my is called the orthogonal projection of x
onto M, denoted by Pyx = my.

ii. Let my € M be such that (x —my) L M. Then m; = my.

17



Remark. Theorem 3 implies that Vx € H, there exists a unique decomposition z = my+w
where mg € M and w € M*. Thus, H =M & M~.

Proof of i. Let © € H. By the definition of infimum, there exists a sequence {my} C M
such that ||z — mg|lg — d as k — oco. We show that {my} is a Cauchy sequence using the
Parallelogram Law:

I, = mellyy = 12 —me) — (x = mi) [y = 2l —melly + 2l —mall — 1220 = (me +mi) [

Since M is a vector subspace, ™5™ € M, which implies ||z — (£5%%) | > d. Thus,

(mect ) o

||2:E — (mg + mk)||§{ =4 Hx —
H

Substituting this back gives:
s — melly < 2llz — mel|% + 2l|z — myl|% — 4d® 222 042 + 247 — 4d? = 0

Since H is complete, mg := limy_,o, my, exists, and by closure of M, my € M with ||z —

For uniqueness, if my € M also achieves the distance d, applying the same inequality with
myg = mg and my = my yields:

Imo — mol|3; < 2d* +2d* —4d> =0 = mg =10

To prove that (x —mg) L M, let m € M and t € R. Expanding the norm using inner
product properties:

Iz —mo) = tml|f; = |z — mollfy — 2tRe{{z —mo,m)} + *|m||%
Since mgy minimizes the distance, we have d* < ||(x — mg) — tm||%, which simplifies to:
0 < t?||ml3 — 2tRe{{x —mg,m)} VtER
For this quadratic function to remain non-negative for all ¢, the linear coefficient must vanish:
Re{(x —mg,m)} =0

Replacing t by it in the original formulation yields Im{(x — mg,m)} = 0. Since both parts
are zero, (x — mg, m) = 0, proving orthogonality.

Proof of . Let my € M satisfy (x —my) L M. For any m € M, since (m; —m) € M, we
have (z —mq) L (my —m). By the Pythagorean Theorem:

lz = mllfy = [z —ma) + (ma = m) | = llo = mallfy + lma = mlff > llz —mall

Taking the infimum over all m € M implies ||z — my||% = d?. By the uniqueness proven in
part (i), my = mo.

18



Corollary 2

Let {ey,...,en} be an ONS in a Hilbert space H, and let M = span{ey,...,ex}. Then for
any x € H:
N
Py(z) = (z,¢5)e

Jj=1

Proof. Theorem 2 established that (x — Zjv (x,ej)e;) L ey for all k, which implies it is

orthogonal to the entire span M. Applying Theorem 3 (ii) completes the proof.

Hilbert Space Basis

Let H be a Hilbert space. An orthonormal system S C H is called a complete orthonormal
system (CONS) or a Hilbert basis if for any z € H:

(z,4) =0 VYe,€8 = 2z2=0

Example

Let u be the counting measure on [0, 1]. Consider H = L*([0, 1], 1), the space of functions
f:0,1] — R such that

S FOPR = /[ OFd < o0

tel0,1]
The inner product is given by (f,g) = > .o f(t)g(t). For each a € [0,1], defining the
standard indicator functions e,(t) = 1 if & = ¢ and 0 otherwise forms a non-countable

CONS where f(t) = > cjo1(f, €a)ealt).

Theorem 4
Let H be a Hilbert space with a CONS {e, : « € A}. For any = € H:
i. The set A:={a € A: (x,e,) # 0} is at most countable: A = {ay,ay,...}.
.oz =3 c4(® ea)ea =D po (T, €ay)€ay, = My o0 D1 (T, €ay ) €ay -
iii. Parseval’s Identity:

lzlz =D e ea)P =Yl ea,) )

acA

Proof.

i. For any finite subset {f,...,0,} C A, Bessel's inequality states > ,_, [(z,ez,)]* <
|z||7; < oo. For each n > 1, define A, = {& € A : [(z,¢e4)] > 2}. If any A, were
infinite, it would contain a countable sequence contradicting Bessel’s bounded sum.
Hence, each A, is finite, making A = [J -, A, a countable union of finite sets, which
is countable.
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ii. Let {oy}72, be an enumeration of A and define the partial sums s,, = Y, _ (%, €q, )€ay-
For m > n, by the Pythagorean theorem:

m
lsi = sallir = D o, ean)l’

k=n+1

As n,m — oo, this goes to 0 because the total series Y -, [(x, €q,)|* converges. Thus
{sn} is Cauchy, and since H is complete, it converges to some y € H. To show y = z,
we look at the inner product for any o € A:

n

( —y,€a) = (T,€0) — nh_>nolo Z<x7eak><eak7€a>

k=1

If « ¢ A, both terms are 0. If & € A, then a = «,, for some n, yielding (z,e,,) —
(x,€q4,) = 0. Since (z — y,e,) = 0 for all a, by the completeness of the system,
r—y=0 = xz=uy.

iii. Applying Theorem 2 (ii) to the finite partial sums yields:

n

xr — Z(x,eak)e%

k=1

Il =

2 n
+ ) 1@ el
H k=1

Taking n — oo, the first norm term vanishes due to part (ii), leaving Parseval’s Identity.

Theorem 5

A Hilbert space H has a countable CONS if and only if H is separable (contains a countable
dense subset).

Proof. (=) Let {e,}n>1 be a countable CONS. The set of all finite linear combinations
> r_y rrer where 1, € Q +9Q forms a countable dense subset in H. (<=) Let {y1,¥s,...}
be a countable dense subset. We can filter out linearly dependent vectors to get a linearly
independent sequence {z,} spanning the same subspace. Applying the standard Gram-
Schmidt procedure to {z,} constructs a countable orthonormal system {e, } whose span is
dense in H, hence forming a CONS.

Proposition 2

Let H be a pre-Hilbert space. For a fixed z € H, define ¢,(z) = (x,z). Then ¢, € H* and

1=+ = [l
Proof. Boundedness follows from Cauchy-Schwarz: |0, (x)| = |(z, 2)| < ||z||u||x] &, showing
10\l < ||z|| . Testing the functional on the unit vector z = o,y (for z # 0) yields exactly

|z||z, establishing equality.
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Riesz Representation Theorem

Let H be a Hilbert space. For every bounded linear functional ¢ € H*, there exists a unique
zp € H such that
Ux) = {(x,2z), YxeH

e = ||z m-

Proof. 1f ¢ = 0, choosing z, = 0 works. Assume ¢ # 0, and let M = ker(¢). Since ¢ is
continuous, M is a closed subspace, and M # H. By the Projection Theorem, M+ # {0}.
Pick a nonzero zo € M~ scaled such that £(xg) = 1. For any x € H, the vector & — {(x)xg
belongs to M because {(x — £(x)xy) = £(x) — {(x) = 0. Since g € M+, we have:

Moreover, ||¢]

(& — 0(2)z0, 20) = 0 = (2, 20) = £(@)||z0]|}, = ((z) = <q,- i>

ol

Setting z, = ||:£T\ proves existence. Uniqueness follows since if (x,21) = (x, z2) for all z,
H
then (x,21 — 29) =0 = 23 — 23 = 0.

Adjoint Operator
Let H be a Hilbert space. For each T' € L(H), there exists a unique 7" € L(H) such that

(Tz,y) = (z,T"y) Vz,ye€ H

Moreover, ||T*|| = ||T|.

Proof. For a fixed y € H, v — (Tx,y) is a bounded linear functional on H. By the
Riesz Representation Theorem, there exists a unique vector, which we denote as 7™y, such
that (Tx,y) = (x,T*y). To verify that T* is linear on a complex Hilbert space, consider
Y1,Y2 € H and o, 8 € C. For any z € H:

(,T"(oy1 + By2)) = (T'x, ay + Byp)
a(Tz,y) + B(Tz,ys) (conjugate-linear in 2nd slot)

= a<'T7 T*yl> + B(l’, T*y2>
= (z,aT™y; + BT"y,) (bringing scalars back inside)

Since this holds for all x € H, T*(ay, + By2) = oT*y; + BT y2. The norm equality follows
from:

|T*|| = sup sup [{(z,T*y)| = sup sup [(T'z,y)| = sup ||Tz||g = |T
Iyl <1 =<1 Iyl <1 =<1 2| <1

Self-Adjoint Operator
An operator T' € L(H) is called self-adjoint if 7" = T.
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Lemma

Let H be a Hilbert space and 7' € L(H). Then,
1Tl = 17" = | 7°*

Proof. For any x € H with ||z||g < 1

|IT2|f = (T2, Tx) = (2, T"Tx) < 2| x| T* T2 g < |T°T|
Taking the supremum over all such z yields ||T||* < ||T*T||. Combined with the standard
norm inequality ||[T*T|| < ||T*||||T|| = || T]|?, we get equality.

Remark
Let H be a Hilbert space. Then:
1. A:= L(H) is a C*-algebra.
2. A is a Banach algebra satisfying [|ST|| < ||S||||T|l-
3. The adjoint operation 7' — T™ is an involution satisfying:
o (aT 4 BS)* =aTl* + BS*
o (ST)" =T*S*
o |T°T) = ||

L? Spaces

Let (X, X, 1) be a measure space. For 0 < p < oo, we define the space LP(X, X, ) (abbre-
viated as LP(u) or LP) as:

P = {f:X—MCismeasurable:/ \f|pd,u<oo}.
b

We identify functions that are equal almost everywhere (a.e.) to form equivalence classes.
Additionally, we define L*™ to be the space of equivalence classes of measurable functions
f X — C that are essentially bounded:

|f| < C a.e. for some C > 0.

Remark. LP is a vector space. For instance, if p € (0,00) and a,b > 0, the inequality
(a+b)P < 2P(a? 4 bP) holds because:

(a +b)? < (2max{a,b})? = 2’ max{a?, b’} < 2P(a? 4+ 7).

For f € LP where p € (0,00), we define the L? norm (or quasi-norm if p < 1) as:

11 =151 = (/. )
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For p = oo, the essential supremum norm is defined as:

1 fllze = || flloe = inf{C >0 |f| < C a.c.}.
Note. By definition, |f| < || f]le a-e.

Young’s Inequality
1,1 _
For a,b >0, p € (1,00), and s+ =1
P
ab < @ + b—
p q
Proof. Let a,b > 0 (the case where a = 0 or b = 0 is trivial). Since the natural logarithm
function In is concave, we can apply Jensen’s inequality:
1 (ap+bq) > L) + L) = n(a) + n(d) = In(ab)
n{—+—|>-In(a —In(b?) = In(a) + In(b) = In(ab).
p q p q
Taking the exponential (exp) of both sides yields the desired result.

Holder’s Inequality
Let p € [1,00] and let }D—i— % =1 (with £ =0). If f € L? and g € LY, then fg € L* and:

/X Fald < 1 £l lglle

Proof. For p = 1 or p = o0, the proof is straightforward and left as an exercise. Let
p € (1,00), f #0, and g # 0 a.e. By Young’s inequality, for any parameter ¢ > 0, we have:

B 1 v p 2 g
/leg|du—/x|(tf)(t 9)) du < p/X|f| - /X|g| dy

. Let A= [, |f|Pdp and B = [ |g|?dp. Define the auxiliary function L(t) for ¢ > 0:
P 1
L(t)=—A+—B
p q

. To minimize L(t), we find its derivative and set it to zero:

B Pq
Lt)=t"'"A—t"'B=0 = "= — — t= (—)
() I I

Evaluating L(t) at this critical point gives:
1/ -1/
1 (B> ! + 1 (E) pB = lAl/pBl/q + lAl/pBl/q — AlY/rRl/a
p q

mfL) =2\ o\ A

Substituting AY? = || f||, and BY4 = ||g||, completes the proof.
Remark. If f € LP and ]%~|— % =1, then [f|P~! € L.
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Proposition 1 (Minkowski’s Inequality)
For p € [1,00], || - ||, satisfies the triangle inequality and forms a norm on L”.

Proof. For p =1 or p = oo, the proof is left as an exercise. Let p € (1,00) and f,g € L”.
We assume f 4 g # 0 dynamically. Splitting the integrand yields:

/|f+g|pdu=/ |f+g|p‘1|f+g|du§/ |f+g|”‘1|f!du+/ 1+ gl gl dp
X X X X

Applying Holder’s inequality to both integrals on the right-hand side using conjugate expo-

nents p and ¢ = Ll we get:

1/q 1/q
[isvarans ([ 15 +o10an) 1ot + ([ 154000 0am) ol
X X X

Since (p—1)g=pand 1 — % = %, this simplifies directly to:

Jisvaran< (] Fradn) (15l + ol

Dividing both sides by ([} |f + g|? du) =y yields:

1f+glle < [1£llp+ llglls

Remark. Let f,, f € L=. Then [|f, — f[loc — 0 if and only if there exist representatives
fn, f in their respective equivalence classes such that sup,cy |fn(z) — f(z)| = 0 as n — oc.
Chebyshev’s Inequality

Let p € (0,00) and f € LP. Then, for any € > 0:

_ JxlflPdu

€P

p{z e X o [f(x)] > €}) <

Proof. Let € > 0. By utilizing monotonic sets, we observe:

/X P du > /{ Pz Tl € X @) >

Theorem 2
LP is a Banach space for any p € [1, 0o].

Proof. The case p = oo is left as an exercise. Let p € [1,00) and let (f,,) be a Cauchy
sequence in LP. By Chebyshev’s Inequality, for any € > 0:

fX|fn fm|pd,u n,m—00

24
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Hence, (f,) is Cauchy in measure. This implies there exists a measurable function f and a
subsequence (f,, ) such that f,, — f a.e. as k — oo.

Fix € > 0. Choose N such that [, |f, — fiu[P du < € for all n,m > N. Letting m = n; — oo,
Fatou’s Lemma implies:

/ |f” B f|pdp, :/ lim |fn - fnl|pd,u S hmlnf/ |fn - fnl|pd,u S €
X x =00 l—o0 x
for all n > N. Thus, f — f, € L?, which means f = (f — f,) + fn € L, and f,, — f in LP.

Comparison of [P Spaces

In general, spaces are not nested: neither P C L9 nor L? C L? if p # q on arbitrary measure
spaces.

Proof. Let X = (0,00) equipped with Lebesgue measure p. Consider the function:
flx) =2 0(@) + 2 Xpe0) (@) (a,8>0)

Calculating the L" integral gives [, |f(2)|" du = fol 2= dx + [ 2P dx. This converges if
and only if a < % < [. Thus, if we select exponents such that % <a< % < B, then f € L?
but f ¢ L?. Conversely, choosing o < é <p< ]lj yields f € L? but f ¢ LP.

Proposition 3

Let u(X) <ooand 0 < p < ¢ < oo. Then L? C L? and:

=
Q=

1A llp < 11 fllq 1(X)
Proof. Applying Holder’s inequality with conjugate exponents % and ﬁ yields:
1-2

JRE </X|f|qdu>g(/xldﬂ> C= Il )

Taking the p-th root of both sides proves the assertion.

Proposition 4
Let 0<p<qg<r<oo. Then L9 C LP+ L".

Proof. Let f € L?. We decompose [ = fxqys<1} + [xqys>13 =: k+ h. Then |[k| < |f] and
k| <1, s0 |k|" < |f|? € L', implying k € L". Similarly, |h| < |f| and on the support of h,
|f| > 1, meaning |h|P < |f|? € L', implying h € LP.
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Proposition 5

Let 0 <p<gq<r<oo. Then LPNL" C L% and ||f|lg < | FIEIIfIIF" where % =L+ =3
Proof. Let f e LPNL".

i. If r = oo, then [y [f|9du = [ |fI"PIfIPdp < || fIIZP]| |5 Taking the g-th root gives
the result with t = p/q.

ii. If 7 < oo, rewrite |f|9 = |f|"|f|*.  Apply Holder’s inequality with conjugate

exponents % and ﬁ. The conditions require %’ + U=t 1, which aligns perfectly

with the definition of ¢.
Proposition 6 (Sequence Spaces)

If X =N and g is the counting measure, we denote /F = LP(N, ). If 0 < p < ¢ < o0, then
09 and [|lzlly < [l

Proof. Let x € (7. For q = oo, [[z[[f, = sup, |zn|” < 32, |2nl” = [l2]l} = ll2llec < [l2][p-

For ¢ < oo, by interpolation (Proposition 5), [|z]l, < ||lz|[5/9|lz[|5%"" < |||,

Simple Function Spaces

Define ¥ = {f € £ : f vanishes outside a set of finite measure}, where £ is the space of all
complex-valued simple functions:

j=1

Remark. £ C L and ¥ C L? for any p € (0, 0o].

Theorem 2.10 [Folland]

Let (X,X) be a measurable space. If f : X — C is measurable, there exists a sequence
{fn} C & such that 0 < |f1| < |fo] < -+ <|f|, fu — f pointwise, and f,, — f uniformly on
any set where f is bounded.

Proposition 7
i. £ is dense in L*>.
ii. ¥ is dense in L? if p € [1,00).

Proof. Apply Theorem 2.10. For (i), since f € L* is bounded outside a null set, f, — f
uniformly a.e., meaning ||f, — flleo — 0. For (ii), if f € L, |f, — f|P < 2P| f|P € L'. By
the Dominated Convergence Theorem, [ |f, — f|P du — 0.
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Generalized Dominated Convergence Theorem

Let {f.} be a sequence of measurable functions such that f, — f a.e. Suppose there exists
a sequence of nonnegative integrable functions {g,} such that |f,| < g, a.e., g, — ¢ a.e.,
and fXgndu — fng,u < oo. Then f, — f in L'.

Proof. Consider the sequence of nonnegative functions h, = ¢, + g — |fn — f|. Since
|fo — f] < gn+ g ae., h, >0 ae. Applying Fatou’s Lemma to {h,} yields:

/ liminf h, du < lim inf/ hy, dp
X X

n—oo n—o0

Since f, — f and g, — g a.e., liminf h,, = 2g a.e. Thus:

/2gdu§/gdu+/gdu—limsup/ | fo — fldp
X X X n—r00 X

Subtracting 2 [, gdu < co from both sides results in limsup,, ., [y |fo — f|dp < 0, which
ensures lim,, . || fn — f][1 = 0.
The Dual of L

Let p € (1,00] and ¢ € [1,00) with % + % = 1. For any h € L%, define the linear functional
Ty, on LP by:

1) = [ shdn, fer

Then T}, € (L7)* and || Ty [|zr)- = [Bllg = sup{] [xc fhdul < |f]l, < 1}.

Theorem 4 (Riesz Representation Theorem for L?)

Let p € (1,00). For each bounded linear functional 7' € (LP)*, there exists a unique h € L?
such that T'(f) = [ hfdp for all f € LP, and ||T||(») = ||hllq- If p is o-finite, this also
holds for p =1 and ¢ = oco.

Weak [P

Let p € (0,00). A measurable function f belongs to weak L7 if its distribution function
A(a) = p({z € X 1 |f(z)| > a}) satisfies:

[f]p = (SUP ap/\f(a)>l/p < o0

a>0

1. By Chebyshev’s Inequality, LP C weak L? and [f], < || f][,-

2. Using layer-cake integration by parts, if f € LP, its norm can be computed via:

1] = /X P du=0p / a?1)s(a) do
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Convolution and Smoothing

Let X =RY X =L,and y=m = du=dm = dx.

Lemma 1

Let f, g be measurable, xo € R?. Then,
flzo—")g e L' <= glzy—-)f € L' (1)
and if Eq.(2) holds,
[ =gy = [ atao— )1y
All functions involved in Eq.(2) are measurable including f(z¢ — -) and g(xq — -).

Proof. Let G : RY — R? be bijective with G,G™! € C* and x = G(y) = (1(v), - - -, 9a(y)).
Note that C'! denotes the class of continuously differentiable functions. Then, by the formula
of changing variables,

/f da:—/f )| det VG(y)| dy.

ony) ... 991y
oy1 0Yd
VGy) = | L
9g4a(y) ... 994(y)
Oy 0Yq

In our case, we have G(y) = o —y = 2. Then,

-1 0 0
o -1 .--- 0

VG =0 0 - 0| =— = [det VG(y)| = |(—1)7] = 1.
| 0 1

— / £ (w0 — y)a(y) dy = / F(G())g(zo — G ()| det VC(y)| dy = / g0 — 2)f(2) d=.

Convolution

Let f,g be measurable and f(z — -)g € L' a.e. with respect to x. The following function is
well-defined:

/f vy dy—/g<w—y>f<y>dy= (9% ().

f * g is called the convolution of f and g.
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Well-defined Convolution

Let f,g be measurable. If

/ |[f(x —y)|lg(y)|dy < oo a.e. with respect to x,

then we say
(F+9)@) = [ o= v)ato) dy
is well-defined. We say (f * g)(z) is defined for the z such that

/\f(x —y)llg(y)| dy < oo.

Support
Given f : R? — C, the support of f, denoted supp(f), is the closure of {z : f(z) # 0}.

C.(RY) is the space of continuous functions with compact support.

Lemma 2

If f,g € C.(R?), then f* g € C.(R?). Moreover,

supp(f * g) C supp(f) + supp(g),
where A+ B={s+y:zx€ A yec B}
Proof. Since f, g € C.(R%), both f, g are bounded. Therefore,

[ 176 = w)llgty)ldy < oc for any « € B

Hence, fxg is defined for any x € R%. Now, let {z,,} be a sequence that converges to z, € RY.

Define hn(y) = [f(zn —y) — f(zo —y)]g(y) and h(y) = [f(z0o—y) — f(z0 —y)]g(y) = 0. Next,
we apply the Dominated Convergence Theorem to prove f * g is continuous. DCT needs:

1. h, — h a.e.
2. There exists a nonnegative ¢ € L' with |h,| < ¢ a.e. for all n.

Since f € C.(RY), f is continuous. Therefore, for each fixed y, we have f(z, —y) — f(xo—y)
as &, — xo. This gives us pointwise convergence: h,(y) — 0 = h(y) for each y. We need
an integrable function that dominates |h,(y)|. Note that since f has compact support and
is continuous, it’s bounded: |f(z)| < M for some constant M. Then,

()] = |1f (@ = y) = [0 = y)lg(y)| < 2M]g(y)]
Since g € C,(RY), g is bounded, so ¢ = 2M|g(y)| € L'. By DCT,

i ( [ =)o) dy — [ S0 —)a)dy) = i [ has)dy = [ i haty)dy =0

n—o0 n—oo n—o0
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Therefore, f x g is continuous.

Now, we claim {x : (f * g)(z) # 0} C supp(f) + supp(g).
(f*xg)(x) #0 = There exists y such that f(z —y)g(y) # 0

— x—y esupp(f), vy € supp(g)
— == (z—y) +y € supp(f) + supp(y)

— {z: (f »g)(z) # 0} C supp(f) + supp(g)
Taking the closure of both sides,

supp(f * g) = {z : (f x g)(x) # 0} C supp(f) + supp(g)

Since both supp(f) and supp(g) are compact sets, we use a theorem from topology: The
Minkowski sum of two compact sets is compact. Thus, supp(f) + supp(g) is compact. Since
it is compact, it is closed in R?. Therefore,

supp(f) + supp(g) = supp(f) + supp(g)

This gives us supp(f * g) € supp(f) + supp(g). Since supp(f * g) is a closed subset of the
compact set supp(f) + supp(g), it is compact. Hence, f * g is a continuous function with
compact support, so f x g € C’C(Rd)‘

Remark.

1. If a function has compact support, it must be bounded, and here’s why: A set in R¢
is compact if and only if it is closed and bounded. So when we say a function f has
compact support, it means that the closure of the set {x : f(z) # 0} is both closed and
bounded. For a continuous function f with compact support, we can apply the extreme
value theorem, which states that a continuous function on a compact set attains both
its maximum and minimum values. Specifically:

e Since f is continuous and its support is compact

e By the extreme value theorem, f must attain a maximum value on its support

e Qutside its support, f is zero by definition

e Therefore, f is bounded by the maximum absolute value it achieves on its support
This means that there exists some constant M > 0 such that | f(x)| < M for all z € R?.

2. Lebesgue measure on R? is indeed sigma-finite. We can express R? as a countable
union of bounded sets: .
R*= | J Bn
n=1

where B, = {z € R?: |z| < n} is the closed ball of radius n centered at the origin.
Each B, has finite Lebesgue measure. Specifically:

2 .
By)=—1 .
MBo) = papany ™ <
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This decomposition into a countable union of finite-measure sets is exactly the defini-
tion of a sigma-finite measure space.

Proposition 1

=1, f€ LP, h € L% Then, (f * h)(x) is defined for all z € R? and

sup (f = h)(@)] < [ £l llq

Let p € [1,00], = +

141
P q

Moreover, f * h is continuous. Also, limjy|e(f * h)(x) = 0 if p € (1, 00).

Proof. For each x € RY, by Hélder’s inequality,

/If(x =)l dy < [[F(x =)llpllally = 171 1A, < o0

= |(f *h)(2)| = ’/f(rﬂ—y)h(y)dy < /If(x—y)llh(y)ldyé L1l l171lq

= swp|(f = h)(@)] < [Ifllp[Illq

Continuity

(i) Let p € (1,00). There exist f,, h, € C.(R?) such that || f,,— f|l, — 0 and ||h, — k||, = 0
as n — 0o. Recall by Lemma 2, f, * h,, € C.(R%), and

b |(f =)&) = (F &) < sup (U 1) # ) @) + 5p (F (o — ) (2)
< (sup el ) W= £l 17l — By, 25 0
k

Thus, f,*h, — f*h uniformly. The uniform convergence of a sequence of continuous
functions preserves continuity, so f * h must be continuous. Also,

lim (f,*h,)(xr) =0 = lim (f*xh)(z)=0

(ii) Let p = 1, f € L', h € L™. There exists f, € C.(R?) such that ||f, — f|j1 —— 0.
Then,

sup|(fn # h)(x) = (f + P)(@)| = sup [((fu = f) * A)@)] < [Ifn = FllslAlloo =0

Thus, f, * h converges uniformly to f x h as n — oo. So we just need to show that
(fo*xh)(x) = [ fu(z —y)h(y) dy is continuous in z. By the DCT and continuity of f,:

T—T0

im (£ 1)(z) = (fo )(an)) = [ Jim [fole = ) = fuloo — 9)Jh(y) =0

The uniform convergence of a sequence of continuous functions preserves continuity,
so f x h must be continuous.
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Remark. The property limgoo(fn * hy)(2z) = 0 for functions f, * h, € C.(R%) follows
directly from the definition of compact support. By definition, a function g € C.(R?) has
compact support, meaning that the set supp(g) = {z € R¢: g(z) # 0} is compact. Since
supp(g) is compact in R?, it must be bounded. This means there exists some radius R > 0
such that:

supp(g) C B(0, R) = {z € R? : |2| < R}

In other words, for any |z| > R, we have z ¢ supp(g), which means g(x) = 0. Applying
this to f, * h, € C.(R%), there exists some R, > 0 such that for all |z| > R,, we have
(fn * hy)(x) = 0. Therefore, lim,—00(frn * hy)(x) = 0 is immediate because the function is
exactly zero outside some bounded region.

Proposition 2

Let p € [1,00), f € LP, h € L*. Then, f * h is well-defined and f * h € L? with

LF Pl < (£ 1o IRl

Proof. By Minkowski’s inequality for integrals,

/'/“" ay dx>1/pS/ /\f(x—y)!”dx)l/p|h<y>|dy
= £l [ IhGw)ldy

= [[fllp[12]l < o0

Hence, [ |f(z —y)||h(y)|dy < oo a.e. with respect to z and || f * hll, < || f]l,||2]1.

Continuity of Shifts

For f on R? and z € RY,
.f(z) = f(x +2), &R

Note that ||7.f]l, = | fll,, p € (0,00]. Also note that 7 f = f.

Lemma 3

Let p € [1,00), f € LP. Then,
L mf = fll, =% 00t [|f(x—2) — f@)PPde 2250

2. ”Tzf_TZofH [Tz f — f” 5
The second part follows directly from |7, f — f|, =% 0.
Proof. Let g € C.(R%). Then, by DCT,

/|g$+z ()P dz Z=% 0
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Since if |z] < 1, supp(g) € Bgr(0),
l9(x + 2) — g(2)] < |g(z + 2)[ + [9(2)] < XBps (2) - 2]9llc € L
Let f € LP with p € [1,00). For any g € C.(R?),
|- f — pr <|r.f - ngHp + |79 — ng +[lg — pr

=[f—gll, + 79 —gl, + g = £,
=2|f —gll, + 7.9 — gll,

Since ¢ is continuous,
limsup [|7..f = fll, < 2||f = gll, + limsup |79 — gl[, = 2|/ — gll,
z—0 z—0

Functions in C.(R%) are dense in LP. The density property states that for any function
f € L? and any € > 0, there exists a function g € C.(R?) such that || f — g, < €. Using this
density property, for any € > 0, we can find a g € C.(R?) with ||f — g||, < ¢/2. This means
2||f — gll, < e. Therefore,

limsup || f — fll, < 2||f —gll, <€

z2—0

Since € is arbitrary,
limsup 7./ — [}, = 0
z—0

Since limsup,_, ||7.f — fl|, > iminf, o ||7.f — f||, > 0, we conclude lim,_,¢ ||, f — f||, = 0.

Mollifiers
Let w(z) := ((|z|3), * € R? where |z| := /23 + ... + 22. Then,
W € CX(RY),  supp(w) = By(0)

C>°(RY) is the space of infinitely differentiable functions with compact support. Let w(z) =
cw(z), x € RY, with ¢ > 0 chosen so that [wdz =1. For € > 0, set

we(z) == e %w <£> , vERY
£

Note. w. € C*(R?), supp(w.) = B.(0) with w. > 0, and [w.(z)dx =1 for any € > 0.

Remark. w is a probability density function of a random variable £ € R9, |¢] < 1 almost
surely. w, is a probability density function of ££.

MWMz/ﬂmm@mayzwzéfﬂWMw@
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Smoothing
Let p € [1,00), f € LP. Then,

fe(x) = (f *we)(z /f:c— we(y) dy = B[f(x —c€)], =€ R

Lo fee L2 fll, < WAl e = 11,

2. f. € C§°, where C}° is the space of all infinitely differentiable bounded functions with
all derivatives bounded.

ol
3. Let vy=(7,--»%), 7|l=m1+ ...+ 74 and DY = %Yld'%axgd. Then,

DV f.(x /D”’we z—y)f(y)dy = (D'w,) * f(z), z &R

Proof.

1. By Proposition 2,
[felly = 1LF s well, < FI], - lwelly = L7,

Convergence. First, since [w.(y)dy = 1,

|(f +we)(x) = fl2)] = ‘/[f(x —y) = f(@)w:(y) dy’ < /|r_yf(a:) — f(@)|we(y) dy

By Minkowski’s inequality for integrals,

ety < H [i7a = sty dy

ly|<e

S/Ilf—yf—prwa(y) dyS/Sup 7y f = fllpwe(y) dy
p
By Lemma 3,

| f * we — f||p < / sup HT—yf - f”pws(y) dy = sup HTyf - f”p ﬂ) 0

ly|<e ly|<e

— |If-— fll, =50

2. Apply Theorem 2.27 and induction.
3. Note that Dw. € C®(R?) C L. D*w, belongs to L? because:

(a) First, note that w, is defined as e~%w(z/¢), where w(z) = C-£(]z|/)), and £ is the
standard bump function that is infinitely differentiable and has compact support.

(b) Since w inherits the properties of ¢, it is also infinitely differentiable with compact
support, meaning w € C°(R?).

(c) When we take any partial derivative D* of w,, the result is still a smooth function
with compact support. This is because differentiation preserves smoothness, and
the rescaling by ¢ doesn’t change the compact support property - it just scales it.
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(d) Any function in C>°(R?) automatically belongs to every L? space for q € [1, 0]
because: (1) It’s bounded since it’s continuous on a compact set. (2) It has finite
support (zero outside a compact set). Therefore, the integral [ |Dw.(z)|?dx <
oo for any ¢ € [1,00) and sup, |Dw.(x)| < oo.

By Proposition 1,

sup | D% fe(w)] = sup | (D%we) # f ()] < [[£llp[|1D"we g

Duals of Continuous Function Spaces

Let X be a compact metric space (CM), and C'(X) be the space of all continuous real-valued
functions on X with finite norm:

7l = sup | F(@)] = max | (z)].
zeX z€

We always consider the Borel o-algebra B(X) on X. Note that X is compact if any sequence
r, in X has a converging subsequence.
Proposition 1

Let p be a finite signed measure on X. Define:

0.(f) = / fdu, feO(x).
Then, ¢, € [C(X)]* and

[ulioxy- = sup |Gu(F)] = [1€u]] < [[pll = [pl(X) < oo,

[flex)<1
where |u| = pt + p~ is the total variation of pu.
Proof. For f € C(X),

10,0f)] = \ / fdu‘ < [ 151l < 171l

Hence ¢, € [COOV, 16, < ull

Tietze-Urysohn Theorem

Let (E, p) be a metric space, A C F be closed, and f : A — R be bounded and continuous.
Then, f has a continuous extension ¢g : £ — R such that:

supg(z) = sup f(z),  inf g(z) = inf f(x),

g(x):{f(x)’ reA

inf,ca f(;’()fﬁ%y), rg A’

p(x,A)
p(z,y)

where p(x, A) = inf e 4 p(z,y). The ratio > 1. Here is the reason: For a fixed z,
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e When y € A is close to x, this ratio approaches 1.

e When y € A is far from x, this ratio is smaller than 1.

. . fy)p(z,y)
;ggf(y) = ;relg plx, A)

Corollary 0

Let A, B C FE be closed and disjoint subsets of a metric space (E, p). Then, there exists a
continuous ¢ : £ — [0, 1] such that

gla=1, glp=0.

Proof. Applying Tietze-Urysohn Theorem to the closed set AU B,

1, z€A
ﬂ@:{a re€B’

Lemma 1

Let X be a compact metric space, K C U C X where K is compact and U is open. Then,
there exists open V' C X such that K CV CV C U with V compact.

Proof. For all x € K, there exists an open ball V, and closed ball N,, both centered at =,
such that
V,CN.CU Kc|JV.
zeK
Since K is compact, every open cover of K has a finite subcover. Then, there exists
X1,..., %, € K so that

7=1 j=1
Then, we set
m
V=W,
j=1

The V_xj is the smallest closed set containing V.. Since N, is closed and V,, C N, it
follows that: o
Ve, C N,

In general, the closure of a union satisfies A U B = AU B. Therefore, for V = U;n:l Vi

<l
[
s
&
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Since each V_x] C Ny,
VelN, = veveln, cu
j=1 j=1

UTzl N, is compact because each closed ball N, is bounded and closed. The finite union

of compact sets is compact. Since V is a closed subset of the compact set U;”Zl Ny, it must
also be compact.

Notation. Let U C X be open, f € C(X).

f<Uif0< f<1and supp(f) CU.

Proposition 1

Let X be a compact metric space, K C U C X where K is compact and U is open. Then,
there exists f < U such that f|x = 1.

Proof. By Lemma 1, there exists open V' such that
KCVCVcU
By Corollary 0, there exists f € C(X) such that
flk=1 f
Note supp(f) €V C U. By Corollary 0, 0 < f <1 (g: E — [0,1]).

ve=20

Corollary 1

Let X be a compact metric space, K C U?:l U; where K is compact and U; are open for all
Jj=1,...,n. Then, there exists f; < U;, j =1,...,n, such that

(=)~

Proof. For any z € K, there exists an open ball V, and closed ball N,, both centered at x
such that:
Ve € N, CU; for some j € {1,...,n}

Hence, K C |J,.x Vi and there exists @, ..., 2., so that

Kgﬁmgﬂmk
k=1 k=1

Let K be the union of all Ny, s.t. N, CU;. Then K C |Jj_, K and all K; are compact
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By Proposition 1, there exists g; < Uj,gjlx;, = 1. Let U = Jj_{z : gj(z) > 0}. Then,
U?Zl K; C U and open since g; € C'(X). Specifically, the set {z : g;(z) > 0} is open as the
preimage of the open set (0, 00) under the continuous function g;.

By Proposition 1, there exists f < U such that f|U;L:1 K, = 1. Set:

0 on Ui, K;

n :1— =
In+1 f {1 on Ue

On K, since K C |Jj_, Kj, for any x € K, at least one g;(z) = 1, so f(z) > 1. On U*, all
g; =0, so f = 0. Therefore, on Jj_, K, f =1, 50 gny1 = 0.

gj .
fj: n-il s jzl,...,n

Z@':1 gi
Since g,+1 > 0, we must have g,11 =0 on Jj_, Kj. On U®, f =0, 50 gny1 = 1.

Since g,+1 =0 on K,

n+1 n n n
gj Zj:lgj
9i = ggonK — fj==——on K — fi==——=1on K
; Z J J Zk:lgk ; J Zk:1gk

= ()l

Since g; < Uj, supp(g;) C U;. The denominator Z;:rll g; is positive everywhere, so dividing
by it does not change the support. Thus, supp(f;) = supp(g;) C U;, meaning f; < Uj;.

Representations of Positive Linear Functionals
A linear functional ¢ : C'(X) — R is positive if ¢(f) > 0 if f > 0.
Remark. If f > g, then £(f) > ¢(g) for positive £. In fact, ¢ is positive iff this holds.

Proposition 2
If ¢ is positive, then ¢ € [C(X)]*.
Proof. Let f € C(X). Then,

—|fla < F < fle = =[flul(1) < L(f) < [flul(Q) = 60| < Q)] fla
Definition

Let p be a Borel measure on a metric space X. Let A € B (Borel o-algebra). We say p is:

(i) Outer regular on A if

pu(A) =inf{u(U) : U 2O A, U is open}
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(ii) Inner regular on A if

p(A) = sup{u(K): K C A K is compact}
(iii) Regular if p is both inner and outer regular for all £ € B.

Theorem 1

Let ¢ : C(X) — R be a positive linear functional. Then, there exists a unique finite Borel
regular measure p on X such that:

W) = / fdu, feC(X)

(i) For open U C X,
w(U) = sup{e(f) - £ < U} < £(1) = u(X)

) = [ vdp = ).
(ii) For compact K C X,
p(K) =inf{e(f) - f > xx, f € C(X)}.

Note. For open U C X,

xu(r) =sup{f(x): f < U}, wz€X.
Comment. (i) implies (ii): if K is compact,

W) = n(X) — (i)
= (1) —sup{e(f) : f < K}
= ((1) —sup{€(f) : 0 < f < 1,supp(f) € K}
=inf{l(1—f):0< f <1,supp(f) C K}
> inf{l(g) : g > xx,9 € C(X)}

For f with supp(f) C K¢, f is zero on K since K and supp(f) are disjoint. Thus, 1 — f > 1
on K because f =0 on K, and 1 — f > 0 everywhere since f < 1. Therefore, 1 — f > g,
where Yk is the indicator function of K.

Proof. Uniqueness. Let p be a finite regular measure and ((f) = [ fdu. Let U C X be
open. By the note above,

u(0) = [ T =sup{ets) £ < U}
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Let K C U be compact. By Proposition 1, there exists f < U such that f|x = 1. Then,

H(K) < /X fdu = ((f)

= u(U) =sup{u(K"): K' CU, K' compact} <sup{l(f): f<U}
= w(U) =sup{l(f) : f < U} which is (i)

Why does it imply uniqueness? Suppose there were two measures pq; and ps representing £:

f(f):/fd/h:/fdlm Ve C(X).
For any open set U, both u1(U) and ps(U) must satisfy:

”Z(U) = sup{f(f) DS U}v i =1,2.

Since the right-hand side depends only on ¢, we must have:

i (U) = pa(U).

Thus, w1 and po agree on all open sets. The measure p is outer regular, meaning for any
Borel set £ C X,
p(E) =inf{u(U) : U 2 E,U open}.

Since p; and po agree on open sets, they must assign the same measure to any Borel set E:
pi(E) =inf{u,(U): U 2 E} = inf{ua(U) : U D E} = us(E).

Hence, p11 = po on the entire Borel g-algebra. In short, open sets generate the topology of
X, and their measures are uniquely specified by ¢. Since p is outer regular, its values on
arbitrary sets are determined by its values on open sets.

Existence.
p(U) :==sup{l(f): f < U} for U C X open.

w'(E) :=inf{u(U) : U D E,U open} for E C X.

Claim 1. p* is an outer measure.
An outer measure must satisfy:
L. p*(0) =o0.
2. ACB = p*(A) < p*(B).
3. 10 (U Ba) < 50 (B,
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w*(0) = 0 because () is covered by itself, and u() = 0. If A C B, any open cover of B also
covers A, so the infimum for A is over a larger set of covers, so pu*(A) < p*(B). Thus, it is

enough to prove that
T <U Un> < Z,u*(Un) for U,, open.
n=1 n=1

The key observation is that open sets can be used to approximate arbitrary sets when defining
the outer measure. There exists f < |J —, U, = U such that £(f) > p(U,—, Us) — € for a
given € > 0 since pu(U) = sup{l(f) : f < U}. Since every open cover of a compact set has
a finite subcover, there exists N such that supp(f) C Ufj:l U,. By Corollary 1, there exists
fn < U, such that

(Z fn> " =1, f = Z(fmf)
u<UUwaqu= M AUSf | +e< | D onllUn)| +e

Hence p* is an outer measure.
Claim 2. p has a finite regular Borel extension.

By Caratheodory’s theorem, p* is a measure on the g-algebra F of all A C X such that
p(E) > p (ENA) +p (E\A)forall ECX (2)

We now show F contains all the open sets of X, i.e., U € F if U C X is open. If this is the
case, F contains B and p can be extended to a measure on B.

Let U C X be open. Equation 2 holds if F is open. In this case, £ N U is open so there
exists f < ENU such that ((f) > u(ENU) — 5 where € > 0. There exists g < £\ supp(f)

such that .

g) > n(E \supp(f)) - 3

Then, f 4 g < E since supp(f),supp(g) C E. Then,
u(E) = U(f +g)=f) +Ug)
> W(ENU) = 5+ u(E\ supp(f)) -
> W(ENU) + " (E\U) — ¢

DO ™

Now, we prove Equation 2 holds for arbitrary £ C X. For all € > 0, there exists open EDE
such that

p(E) = p(E) —e
— p(BE) > W(E) —e>p (ENU) + p*(E\U) —e > p(ENU) + " (E\U) — ¢
Since u(U) < 4(1) < oo for all open U C X, y is finite.
We define for any subset £ C X by:

pw (E) =inf{u(U) : U O E, U open}.
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This ensures p* is outer regular. Why Outer Regularity on the Borel o-Algebra Implies
Inner Regularity (in a Compact Space)? Let A € B be a Borel set. Since p is outer regular,
for the complement A€, there exists an open set U O A€ such that:

w(U) < pu(A°) + € for any € > 0.

Since U D A€, its complement K = U° satisfies K C A. In a compact space, closed subsets
are compact, so K is compact. From p(X) = pu(A) + p(A°) and p(U) < p(A°) + e,

p(K) = p(U) = p(X) = p(U) 2 p(X) = ((A°) +¢) = p(A) — €.
Since K C A, this shows:
pu(A) < u(K) +e <sup{u(K'): K' C A, K' compact} + e.

Taking € — 0 gives:
pu(A) < sup{u(K): K C A, K compact}.

The reverse inequality (>) is trivial since u(K) < u(A) for K C A. Thus,
w(A) =sup{u(K): K C A, K compact}.
We conclude p is inner regular. Since p is both outer and inner regular, p is regular.
Claim 3. [ fdp=((f), f € C(X).
Let 0 < f<1,f € C(X). Let N > 1. Then,

n=1
al n—1 n—1
:Z; F= =N ) Xegteseg T T XoRter<
N N n—1 1 N
= /= fo"’l<f<% - Z Kf TN )X"N1<f<;3 - NXZSf} - an
n=1 n=1 n=1




Since(N—l)-X%Sf: 7

N n—1 N n—1 1 N
2 N X"%ﬁk%zz N (X"T_lﬁf_x%ﬁf>:NZX%Sf
n=1 n=1 n=1
For each n,
n—1 1 1 1
Jn = (f_ )X”;st;ﬁfﬁmq = yX#<r ST S X
By (ii),
n n—1
— < f) < NUf) < ( < )
p(5 <f) <Nty <u(5—<f
al n al 1 & n—1
— —<f)< < — <
= yon(y=r) sy n( s <)

We can express (”_1 < f) as:

&

Since f <1,

I AC R R0 3 AC-EIE



N N
> ];1u<n]:,1§f<%> <up= (B S <k )+ yulr >0

The left-hand side is the lower Riemann sum and the right-hand side is the upper Riemann
sum. As we integrate (Riemann sum) and let N — oo,

[ tan=p = [ san

Therefore, [ fdu =((f) for all f € C(X).

Corollary 2
Let X be a compact metric space. Then, any finite Borel measure 7 is regular.

Proof. Let ((f) = [ fdv, f € C(X). Then, ¢ is positive. By Theorem 1, there exists a
regular finite p so that:

:/fdu:/fd'yforanyfeC(X).
Let K C X be compact and define:
1
F,={re X :p(z,K) 25} for all n > 1.

We show that the complement F¢ = {z € X : p(x,K) < 1/n} is open: Take any = € F¢,
meaning p(z, K) = d < 1/n. By definition of infimum, there exists y € K such that
p(x,y) < (1/n+d)/2. Now, consider the open ball B(z,r) where r = (1/n — d)/2 > 0. For
any z € B(z,r), by the triangle inequality:

I/n+d 1/n—d+ 1/n+d

=1/n.
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Thus, p(z,K) < 1/n, so z € F¢. Since every x € F¢ has an open neighborhood entirely
contained in Fy, F¢ is open, and hence F), is closed.

By Corollary 0, there exists continuous f,, : X — [0, 1] such that f,|x =1, f.|r, = 0. Note
that f,(z) = xx(z) for all x € X and:

[ tvin= [ oy — ) =5(x0)
Therefore, 7 is regular, and in fact v = p, since p is regular. For open U,
AU) = 1K) = AU°) = p(X) — p(U°) = p(U)
Let A € B, € > 0. Since p is regular, there exists U. O A O K, so that:
pUN Ko) <€ = y(U) S v(Ko) +e<(A) +e
Hence, ~ is outer regular on A. Similarly,
p(Ke) 2 p(A) —e = (K 2v(A) — e

Thus, v is inner regular. Then, v is regular and v = pu since v and p are equal on compact
and open sets.

Lemma 2
Let £ € [C(X)]*. Then, ¢ = ¢, — {5 with {1, {5 positive.
Proof. Define P={f e C(X): f>0}. Forany f € P,
0 (f) :==sup{l(g) : 0< g < f,g € C(X)}

Note that ¢;(f) > 0 since we can take g = 0 in the supremum. We first show that ¢; is linear
on P. For any f, f' € P and ¢ > 0, we need to verify:

1. Addltl?)lty él(f + f/) = gl(f) + fl (f/)
Forany0<g<fand 0<¢ < f',wehave 0 < g+ ¢ < f+ f’, and thus:
Ug) +L(g) =g+ g) < ll(f+f)

Taking suprema over g and ¢’ gives ¢1(f)+01(f") < ¢1(f+f"). For the reverse inequality,
given any 0 < h < f+ f', we can write h = u+ v/ where 0 < u < fand 0 <o < f
by taking u = min(h, f) and v’ = h — u. Then,

C(h) = L(u) + L(u') < 0 (f) + ()
Taking supremum over h gives 1 (f + f') < b(f) + C.(f").
2. Homogeneity. {1(cf) = cli(f).
((cf) = sup{llg) - 0 < g < cf} = supl£(ch) : 0 < h < f} = csup{{(h) : 0 < h < [}
— li(cf) = chi(f)

45



We now extend ¢; to all of C(X). Any f € C(X) can be written as f = f; — fo where
f1, fo € P, using positive and negative parts. Define:

G(f) = b(fr) = G(f)
If f=/fi— fo=fl—f5 then fi + fi = fl + f2, so by additivity on P:
() +0(f) = G(fl) + 0 f2)

— L(f1) —G(f2) = G(f]) — G(fs)

Thus, 1(f) = ¢1(f1) — ¢1(f2) is well-defined. Finally, define ¢, := ¢; — £. To see that {5 is
positive, note that for any f > 0:

G(f) =G(f) = Uf) =sup{l(g) : 0 < g < f} = L(f) = {(f) = £(f) =0

Thus, ¢; and ¢y are both positive linear functionals with ¢ = ¢ — /5.

Proposition 4

Let X be a compact metric space, u be a finite regular Borel measure, p € [1,00). Then,
C(X) is dense in LP.

Proof. ¥ = &€ as (X)) < 0o. Since ¥ = £ is dense in L?, it is enough to approximate xg in
L? by continuous functions. Let ' € B, ¢ > 0. Since u is regular, for any Borel set F and
€ > 0, there exist a compact set K. C E and an open set U, O F, such that:

WU < w(B)+ 5. u(K) > p(E) = 3.

Subtracting these inequalities gives:

p(Ue \ Ke) = p(Ue) — p(Ke) <e.

Since K, C E C U,, by Corollary 0, we can construct a continuous function f such that:
f=1on K., f =0outside U, and 0 < f < 1 everywhere. The difference |xg — f| is nonzero
only on U, \ K., because:

e On K., xg=1land f=1,s0 |xg — f| =0.

e Outside U, xp =0 and f =0, so |xg — f| = 0.

e On U\ K., |xg — f| <1since 0 < f <1and xg € {0,1}.
Therefore:

/|XE—f|pd,u§/ Ldp = (U \ K,) < e.
X UE\KE

Since simple functions are dense in LP, and we can approximate any simple function by

continuous functions, we can approximate any LP-function by continuous functions. Thus,
C(X) is dense in LP(X, p).
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Lusin’s theorem

Let X be a compact metric space and u be finite. Let f be a bounded measurable function
on X (|fleec < C). Then, for all € > 0, there exists g € C(X) such that u({f # g}) <e.
Moreover, |g| < sup, |f(z)|, and 0 < g < sup, |f(x)| if f > 0.

Proof. By Proposition 4, since C'(X) is dense in L'(X, i), there exists a sequence {f,} C

C(X) such that f, — f in L', and hence f,, — f almost everywhere. Since f, — f almost

everywhere and p(X) < oo, Egoroff’s Theorem guarantees that for any € > 0, there exists a

measurable set A C X such that: .
P\ A) < 5,

and f,, — f uniformly on A. Since p is regular from Corollary 2, for the set A, there exists

a compact subset K C A such that:

HANK) < 3.
—> u(X\K)=u(X\A)+u(A\K)§§+§=e.

Since f, — f uniformly on A, and K C A, the restriction f|x is continuous as a uniform
limit of continuous functions. By the Tietze-Urysohn Theorem, since K is closed in X and
X is a compact metric space, there exists a continuous function g € C'(X) such that:

gl = flx, swpg=supf, infg=inff
By construction, f = g on K and pu(X \ K) < e. Therefore:
{reX:flz)#g@)} CX\K — p({f#9}) SuX\K)<e
Since ¢ is an extension of f|x, and f is bounded by C,
l9(@)] < sup |f] < sup [ f| = C.

If f >0, then g > 0 since infx g > infx f > 0.

Proposition 5

Let X be a compact metric space, p1 be a finite signed measure. Let £,(f) = [ fdu, f € C(X).
Then, £, € [C(X)]* and 6]l = |fulicoy = al(X) = .

Proof. By Proposition 1, since p is a finite signed measure, ¢, € [C(X)]* and ||[€,]| < ||pl]-
Let Dt, D~ be the disjoint sets of Hahn’s decomposition such that d|u| = xp+du — xp-du
and dy = (xp+ — xp-)d|p|. Note that |p| = p* = 1 where p = xp+ — xp-. Let ¢ > 0. By
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Lusin’s theorem, there exists g € C'(X) such that |u|({p # ¢}) < € and |g| < 1. Then:

g#(g) :/gd,u

=/gpdlu|
=/ gpd|u|+/ gpd|pl
g=p g#p

=/ p2d|u|—/ p2d|u|+/ gpd|ul
X g#p g#p

> [u|(X) —e—e
= |pu[(X) — 2¢

Since:

os/;é o dlul = ul({g # p}) < €

/ gpd\ullﬁ/ Igp\d!ulﬁ/ dlpl = |ul({g # p}) <e :>/ gpd|p| > —e
9g#p g#p g#p g#p

Therefore,
el = 16u(9)] = £u(g) 2 [l (X) — 2¢
Taking € — 0, we have [|¢,|| = ||x||-

Notation. Let M(z) be the space of finite signed measures with ||u|| = |p[(X) (total
variation norm).
Theorem 3

Let X be a compact metric space. Then, for all ¢ € [C'(X)]*, there exists a unique p € M (X)
such that ¢(f) = [ fdu, [ € C(X). Moreover, |[£|| = ||u]|.

Proof. Let ( € [C(X)]*. By Lemma 2, { = {1 — {5 with {1, {5 positive. By Theorem 1, there
exists finite regular measures pu1, p2 such that for all f € C(X):

gl(f):/fd/ih 52(f):/fdu2

— 1) = [ Fdn =)= [ fdn 1ec)

Then, we could prove u is a finite regular signed measure and is unique following a similar
argument as Corollary 2 proof. Moreover, by Proposition 5, ||¢|| = ||u]|.

Schwartz Space of Functions with Rapid Decrease

From Fourier Series to Fourier Transform

1. Let T"> 0. Then, {\/%ei?”, n=0,+1,...}is 27-periodic.
This forms a CONS in L*([-T,T]) (complex-valued functions).
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2. If h € L*([-T,T)), then

- inx 1 T inm
h(z) = Z cne T % in L*([-T,T]) with ¢, = oT /Th(x)e— T o

n=—oo

T 00
Also,/ |h(z)]? dx = 2T Z |en .
-

n=—oo
Proof. First, let’s compute the L? norm squared of h:

/T |h(x)|? de = /T h(x)h(x) dx

-T -T

Substitute the Fourier series for h(x) and h(x):

T 00 _ oo
inm . 7im7rx
/ cpe' T E Cme T dx
=T

n=—oo m=—00

Rearranging, we get:

T 00 00
- i(n—m)ww
E E CnCm€ T dx
-7

n=—00 m—=——0oQ

By Fubini’s theorem,

00 o] T
i(n—m)m z
E E CnCm e T dx
-T

n=—00 MmM=—00

The exponential functions form an orthogonal system. When n # m,

T T
i(n—m)m T i(n—m)m
e T Tdxr= |:,—€ r :r:| =0
7 im(n —m) o

When n = m,
T T
/ eodx:/ ldx =2T
-T -T
Therefore,
Z CnCn - 2T = 2T Z |cn|?

3. Let f € C*(R), f(x) =01if |z > R> 0. Then, for T > R+ 1, |z| < T,

o0

i 1 T _inm inﬂ'x 1 e i o PR, P
f@) = 32 g5 [ e FrayeFe= Y o [ ety e

n=—oo n=—oo

Let f({') = f_oooo fly)e=? dy, ¢ € R. Note that fe C>(R). Hence,

0 1 . .
f@)= 3 5 (55) €%, Jal < T, forall T > R+ 1

n=—oo
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f(%)F for T > R+ 1.

NGy WD)

[e's) =T

For any = € R,
BT L 127 o 127r§$
py = Jim 30 o () e i = [ froeerac
Also,

NG

For finite T" > R + 1, we established:

T ) 1
| 1@k s = o Z

f(%)f:/m F©IPde for all T > R+ 1.

—0o0

. 2
f(57)
Since f has compact support within [—R, R], when T'> R+ 1,
o) T
2dr = 2d

| wwka= [ jf@pa
~rnN\IZ 1 Sl 9
FG5)| 57 = X I ac

This is precisely the form of a Riemann sum for the function |f(¢)|
real line:

2 over the entire

S - A

As T — o0, the spacing A& = % — 0, making the partition finer. Under appropriate

conditions (which f satisfies since it comes from a compactly supported f € C*°(R)),
the Riemann sum converges to the integral:

pm S e ac= [ iiepa

n*—oo

_ / (€)™ dg, z € R and / @) dz = / ) de

[e.e]

Fourier transform of f € C°(R):

fo=Fno- [ " f@)e P dr, £eR
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The inverse Fourier transform of g € C°(R):

(F'g)(z) = / g(&)e?™ s de,  x e R.
We also have:
FlFf=+

Note that (F~'f)(z) = f(—z), for any z. Also, F is "unitary”. It turns out F(C®(R)) C
S(R), the space of functions of rapid decrease. Moreover, F': S(R) — S(R) is a bijection.

Space of functions of Rapid Decrease

S(R) = {f € C*(R) : sup(1 + |z|)N|f™ ()| < oo for any N,n € Z and N,n > 0}.

Functions of Rapid Decrease

Let f,g:R?— C. For a = (ay,...,aq) € Nd, where Ny = {0,1,2---},
M1|:3Q1—F"'+'Qd,

olel

= (5] aq )’
axl 'aZL’d

@!::alL"adh 0l =1.

aa

total derivative of order |a/,

Product Rule
ol

o = — 9% f0° Py,
(f9) %B!(a_m! f0*fg
where § < a <= [ < a4, for any k.
g = 2" 254, where a = (ay,...,a4) € N{,

r=(r1,...,24) € R%

Definition of Schwartz Space

For @ € N¢ and N € N,
|flna = sup (1 +[2))¥]0"f (2)].

zcRd

The Schwartz space of functions of rapid decrease is defined as:

S =SRY ={f € C®RY) : |f|na < 00 for any N,a}.
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Properties

L If | f|na < 0o if and only if (1 + |z|)V|f(x)| < C,y for all z € RY, then

Con
0“f(x) §—f0ranyx€Rd
TION < T
2. If feS, then
|0%f(x)] < Co.n for any = € R%.

T+ [aD™
3. C=(R?Y) C S(RY). Example: e 1" € S(RY) but e *l ¢ C°(R?) because it is non-zero
everywhere.
Seminorms and Convergence
L. |f|ne with f € S is a seminorm.
[f + 9lva < [flva + [9lna;
|af|n.a = lallf]na;
| f|n.e = 0 not implies f = 0.
2. Let fr, f €S. Wesay f, — fin S'if
\fx — fINo — 0 for any N, a.

3. For N e Ny and f € 5,

_ — 1 N Ol
oy = s v = s sup(1 + 1))

| fl(v) are norms on S, increasing in N, | f|v) < [f|(v41)-

4. For f,g € S,
p(f.9) =Y 27N min(|f - gl 1)
N=1

Properties of S(RY)

If feStheno*fes.

If f,g € Sthen fgeS.

If f e S then Pf € S for any polynomial P.
fesS= fe LP(R?) for any p > 0.

-~ W o

Proof. For p = oo this is easy. For 0 < p < oo,

d+1 dx dx
Pdy = 1 p P < |fP —_—
Julgtas= L0010 % i < b [ e <
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5. If f,g € Sthen fxgeS.

Proof. By definition of convolution,
“(f*9)( / 0“f(z —y)g(y) dy

Ltz <14z —yl+ 1y <A+ ]z —y)1+|y|)

(L+[z)[0*(f * g)(@)] < /(1 +lz = y)Mo"f (@ = y)|X+ [y ™ g(w)l dy

dy
< |f|N,a/(1 + |y|)N+d+1|9(y)|W
dy

< ‘f’N,a’glNerJrl,O/W < o0

Continuous Linear Functionals on S

Let T : S(RY) — C be linear. Then, T is continuous with respect to the metric p on S if
and only if

There exists C' > 0 and N € Ny such that |T'(f)| < C|f|) for all f € S.

Proof. (=) Let T' be continuous. Since T is continuous at zero, |T'(f)| = |T(f) — T(0)| <
Lif p(f,0) < 26 for some § > 0.

_ Z 27N min{1, | f|n}

<22 [ flavoy + Z 27

N=Np+1
< ‘f’(No) + 27 o

Choose Ny so that 270 < §. Let g € S and g # 0. Then, f = |g|5 as | f|(ng) =0

= |flvy 0= p(f,0) <20 = [T(f)] < 1

= Z 27N min{1, | fln} < |flve) +2 N0 < 26 for all Ny € N
N=1

TN =1T(g)| -
|g|(No)
(<:) Let ‘T(f)’ < C|f’(NO),f € S. Let f,, = fin S. Then, when ’fn — f‘(NO) — 0,

T(fn) = TN =1T(fn = NI < Clfn = Flivy = 0

1
<1=T(g)| < 5|g|(N0)
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Corollary 0

A linear functional T : S — C is continuous if and only if there exist C' > 0, ay, ..., a,, € Ng,

and Ny,...,N,, € Ny such that:

f)’ < CZ |f|Nk,Oék
k=1

Fourier Transform on S(R?)

(i) Given f € L*(RY), its Fourier transform is:

FfE) =f()= Rdf(x)e—izm.g dv, €eR

where x - & = & + -+ - + x4€4

(ii) Given g € L*(R?), its inverse Fourier transform is:

Flgle) = [ g@erde, we
R4

Note.

(a) Ff(&) and F~1g(z) are bounded, continuous functions.
(b) F and F~! are linear operators.
IFFEN < Jga lfldz = [f]1r.
7 (@) < lgler
“lg(z) = Fg(—x), x € R%

5°f = (i2m€)° f.

)
(c)
(d)

e) F

)

(
(f
Simple Properties of Fourier Transform

Property 1
If f€ S, then for « € N¢,

Gof(€) = (i2m€)° f(€) = (i2m)leleor .. €91 f(g)

_ aq .02 Qg _
where o = (a1, a9, ..., aq) € N, 2% = 2025?29, and x = (21, T, . .

Proof. Ford=1and a =1,

—_

FOE) =i2nef(€), €eR.

o4

. ,l’d) € R



By definition,
O = [ r@esa = tn [ e
= lim [f(z)e €] — (—i2m€) / fla)e 2mE dy

n—oo

= 04 2 f(€) = i2nEf(£)

Example 1

Let Au(z) = aa—j%u(x) +- 4 88—;2u(x), where u € S. Find EL({)

68?21 = 0% with o = [2,0,0,---0]. By property 1,

— Srul©) + ek é?—mgu(f)

— (i2m61)0(6) + <i27rsd>2a<£>
—u( §) (—4r*(E+ &+ +£0)
—4m?[¢*a(€)

Aul€)

Property 2
1. Let f € S,y € R% Then:

FC+9)(©) = 7V f ()
Proof.

fE+©) = | fle+ye ™ de

R4

f( Je —i2m(z=y)-€ 4, (where z = x + y and dz = dx)
= 6’2”y5f(€)

2. Let feS,0e€Rand e +#0. Then,

7E)© = 1917 (3)

Proof.

FENE) = | fSx)e ™ du

R4

= f(z)e’ﬂ”%é’d dz (where z = 0z and dz = §%dx)

()
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Example 2
Let f €S, [ fdx # 0. Show that:

lim 7(3)(6)] = {O’ 7

400, £€=0
Assume § # 0.
7012 o7 (%)
Since f € 9, it satisfies: .
1f(E)] < GG

where C' = ]f\dﬂ,o is a seminorm. When £ # 0,

= L (e

5 - (5.
FEe = g (1) -l
1 A% | flas10
<t (o) e 20 000

When £ = 0, -

) FE)O) =101 f(O)] = 00 as 60
Note that f(0) = [ f(z)dx # 0, so |f(0)| # 0. On the other hand, lims_,o f(dz) = f(0) for
f € S. Note the opposite tendencies of f(dx) and ﬂa\)(g) as 0 — 0.

Property 3
If f € S, then f € C* with all derivatives bounded, and:

0°f(&) = 3(¢) with g(z) = (—i2mx)’f(z) € S, B €N,
Proof. (See Folland 2-27)

. o8 . 4
3ﬁf(5) - g f<$>a_€e—12nx-g dr = N (x)(—z'va)ﬁ o 2T 0 g(f)
g(x)

Proposition 1
The Fourier transform F' maps S to S. We write F': § — S.

Proof. Let f € S. By Property 3 above, f € C*. Then, f € S if and only if
SUPgepa |£20° f(§)| < oo for any «, 3 € N.
§°0° f(6) = (i2m)~*(i2m¢)°0° £ (€)
= (i2m)7l(i2m€)*§(€) with g(x) = (—i2rx)’f(z) € S

Hence,

sup [€20% f(€)| = (27) 71 sup Dog(€) < (27)71|0%g| 1, < o0
£eRd £eRd
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Proposition 2

Let f,g € S. Then, = g(€) = f(£)4(¢).
Proof. By Fubini’s Theorem,

/ F( — w)g(y) dy e da

Rd JRd

= / ( flz —y)e 2wt dx) cgly)e @™ Edy, set z=x—yand dz = dx
R4 R4

= [ (79) - e ey = 79 - it¢)

We can swap integrals because [[ |f(x —y)| - |g(y)|dydz = |f|: - || < .

Proposition 3
Let f,g € S. Then,
[ feuraz= [ twatw) iy
R R4

F U (2)g(z)dz = S ()F (9)(y) dy

Rd
Proof. The proof will use Fubini’s Theorem. Let f,g € S. Then,
feuedz= [ ([ fwredy) g ds
]Rd Rd Rd
= / ( / g(z) e7?m dZ) fly)dy
Rd ]Rd
— [ awswdy
Rd
We can use Fubini’s Theorem because:
/ 1FW)] - lg()] - €™ dy dz = | flpr - gl < o0
Rd Rd

since f,g € L' since f,g € S. Analogous argument proves the F~! case.

Inverse of F

Theorem 1

Let f € S. Then, F ' F(f)(x) = FF(f)(z) for x € R% In particular,

f_l(f)(ﬁ) = ]E(f)eﬂm'5 d¢ = f(x) for x € R%.
R4
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This means both F, F~!: S — S are bijections.
Proof. Let f € S. We first prove that inversion holds at = 0.

JO) = | J(E)de.
For § > 0 and k(z) = e 7/,
5 F(6y)k(y) dy — f(0) as § — 0 by dominant convergence theorem.
By Proposition 3,
[ 1wk dy = [ FG)
- [o4 (g) K(€) d¢ (by Property 2(b)

= /(5df(z)k(5z)(5d dz where z = % and d¢ = §%dz

_ / F(2)k(62) d

By dominant convergence theorem, when § — 0, [ f(2)k(62) dz — i f(2)k(0)dz = f f(2)d=
as k(0) = 1 and ff(z) dz = f(0). In general case, let y € R? and consider f(z + y) for
r € R% Note that f(y) = f(0 +y). Using the result that inversion holds at 0,

F(y) = (0 +y) = / F(F(+))(©) de

= /f(f)enﬂg'y d¢ (by property 2(a))

=F ()

We have shown F~ 1.7-"(f) = f so we now show FF !'(f) = f. Recall that F(g)(z) =
FHg)(=x). Now FF~(f)(x) = FH(F'(f))(~z) and:

0)= [ Hermtis = [ -2z = Fiw

By the change of variable, ¢ = —z and f(z) = f(—x) for € R% Therefore,

FFHM@) =F HFHH)(-2) = FHF) (=) = f(-2) = f(a).
Thus, we prove that FF1(f)(z) = f(z) = F LF(f) ().
Remark.

1. First Use of DCT in the Proof.

y f(5y)f€(y) dy — f(0) asd — 0.
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e Pointwise Convergence. Since f is continuous (because f € S, the Schwartz
space), f(dy) — f(0) as 6 — 0 for each y.

e Dominating Function. Since f e S, it is rapidly decreasing, meaning | f )] <

W for some C' > 0. Meanwhile, |k(6&)| < 1 (since k is a Gaussian). Thus,

|F(E)k(SE)| < [f(©)], and f(€) is integrable (because f € S).

DCT allows us to move the limit inside:

tin [ Fokw)dy = [ tim fGnh) dy = [ 7Ok dy = 70)

2. Second Use of DCT in the Proof.
/f 5§d§—>/f )d§ as 0 — 0.

e Pointwise Convergence. k(5¢) = e ™ K> — 1 as § — 0 for each &.

. Domz’natmg Function. Since f € S, it is rapidly decreasing, meaning | f &) <
W for some C' > 0. Meanwhile, |k(d¢)| < 1 since k is a Gaussian. Thus,

|f( Vk(08)] < |f( )|, and f(é“) is integrable because f € S.

DCT allows us to move the limit inside:

hm/f k(66) d¢ = /f hmkégdf /f

3. Why the Schwartz Space S is Important?

e Functions in S decay rapidly: Both f and f decrease faster than any polynomial,
ensuring integrability.

e Gaussians are nice dominating functions: k(z) = e~™7” is smooth, integrable,
and dominates the integrals involved.

If f were not in .S, we might not have a suitable dominating function.

Plancherel’s Equality

For f € S, f|f |2dx = [1f(©)?de, so |fl2 = |flee where L? = L*(R?). Idea of the
proof: Use f =/ f ) d§ and the Fourier transform of the convolution: Let (f*xg)(x) =
[ flx—y)g )dy and F(fxg)(z) = f(f) (¢). Applying Proposition 2 and f(0 ff ) dE,

(f *9)(0) —/g(y)f(—y) dy—/}"(f*g)(ﬁ) df—/f(f)ﬁ(i) g (#)

In (#) above, we want to take f = g and deal with the negative y part.
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Proposition 4 (Plancherel’s Equality)

For any f,g € S, [g(y)f(y)dy = [ §(€)f(€)d¢. Thus, (g, f)r2 = (g, f)r2. In particular,
|fl12 = | f]L2 in the case f =g.

Proof. Let f,g e S. Set f(y) = f(—y) for y € R%. Note that f € S. By (#),

f 07

Now, we compute F(f)(£).

= [FEmeeay -

- / fla)emmes dz = F(€)

y) dy = / GO F(F)(©) de

x)eﬂﬂ-x.g dr where r = -, dr = dy ‘J’ = dy

Hence, [ g(y)f(y)dy = [§(&)f(€)d¢ <= (g, )2 = (G, )12

Remark. F and F~! can be extended to unitary maps on L2 For f € L2, there exists
fn € S with f,, — f in L? since C>® C S and C*° is dense in L. Then, by Proposition 4, if
|fo — fmlz — 0 as m,n — oo, then

|fn - fm|L2 = |fn - ]Em|L2 = |f_1(fn) - 'F_1<fm)|L2

We define Ff = lim, o F(fn) and F~1f = lim, ,oo F *(fn). This definition does not
depend on the choice of the sequence f,. Indeed, let g, € S such that g, — f in L?. Then,
|gn — fnlzz — 0 as n — oo. Therefore, by proposition 4,

|gn - fn|L2 = |§n - fn|L2 = |F_1gn - F_lfn’L2
— G, — Ffand Flg, - F 'f,in L?
Hence, F : L? — L? is unitary with F* = F~L.
Corollary 1
F,F1:S— 8 can be extended to F, F~':L? = L? as
Ff=f=lim Ff, F'f=lim F'f, in L? with f, € S, f, — f in L?.
n—oo n—oo
We have FF1f = F 1 Ff = fforany f € L?. Also,

\Fflee = |F " flez = |flr2, [ €L’
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Proposition 6

Let f e L'N L2 Let f= nmnm fo, F7Uf = limpyyeo F1f, in L2 with f, € S and f, — f
in L?. Then, f(§) = [ f(x e~ 28 dy with € € R F1f(z) = [f( )ei?m € d¢ with o € RY

Proof. By Proposition 3, for any h € S,

/fn /fnh and /]—“ (f.)h /fn
As n — oo,
/fnh%/fh,/fnﬁ%/fﬁ,/}"1(fn)h—>/.7:1(f)h,/fn]-“1(h) %/ffl

— /fh:/fﬁ, /f‘l(f)h:/f]-"‘l
Now, for all h € S,
[ fumwy = [ f@its
= /f (/ ZQ’””dy) dz

= / (f(z)e ™Y dz) h(y)dy (By Fubini’s Theorem)

/f e ™Y dy  ae.

Fubini holds since [[|f(z)|-|h(y)| - |e ™| dzdy = |f|r1 - |h|r < oo. An analogous proof
holds for F~1.

Thus,

Corollary 2
Let f € L?. Then,

Ff) = f(€) = lim f(z)e ™™ dg in L2,

FHf(z) = lim f(€)e?™Ede in L2,

o0 Jlgl<n

Proof. Since f € L?, we can approximate it by truncating it to the ball |z| < n. Define:

fa(@) = [(2) - Xpai<n;

where x|;<, is the indicator function of the ball of radius n. Then, f, has compact support
since it vanishes outside |z| < n. By Holder’s inequality, and f,, € L? since f € L?,

[ < (Jink) " ([ram) <o
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Therefore, f, € L' N L2

fn — fin L? as n — oo by the dominated convergence theorem, since |f,| < |f| and |f|* is
integrable. For f,, € L' N L2,

.Ff(g) = fn(&) = o fn($>e—i2wx.§ dr = f(as)e_isz do.

|z|<n

This is well-defined pointwise since f, € L!. Since f, — f in L?, and the Fourier transform
F is a unitary operator on L?, we have:

fn—>f in L? as n — oo.
This is because | fn — f |r2 = |fn — flzz — 0 by Plancherel’s Equality. Now, define:

9n(§) = f(€) * Xie|<n-

Then g, — f in L. By the continuity of F~! on L?, we have F~'g, — F~'f in L? which
gives the second formula:

F ' f(z) = lim f(©e™de  (in L?).

Recall. f € S. Then, F1F(f)(x) = FFYf)(x) = f(x),z e R:. F, F1:8 — S are
bijective.

Plancherel’s Equality
For f €S, [|f(x)?de = f|f ()2 dE, so | f|r2 = | f|r2 where L2 = L2(R%).

Idea of the proof: Use f(0) = [ f ) d¢ and the Fourier transform of the convolution: Let
(f * A— [ flz—1y)g(y )dy and F(f * g)(z) = f(£)g(¢). Applying Proposition 2 and
= f f(&) dg,

(F+9)0) = [owf-vdy= [ Fxap© e = [ ferue s o).
In (#) above, we want to take f = g and deal with the negative y part.

Proposition 4 (Plancherel’s Equality)

For any f,g € S, [g()f(y)dy = [§(€)f(€)de. Thus, (g, f)r> = (4, f)z2. In particular,
|flr2 = |f\L2 in the case f =g.

Proof. Let f,g e S. Set f(y) = f(—y) for y € R%. Note that f € S. By (#),

/ o)) dy = / o) F(—y) dy = / GO F ()€ de
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Now, we compute F(f)().

= /Me‘i%y'5 dy = /f(x)eﬂ”'f dxr where x = —y, de =dy|J| = dy

- / fla)emmes dz = F(€)

Hence, [ g(y)f(y)dy = [ §(€)f(€)d¢ <> (g, f)r> = (@, [) 1.

Remark. F and F~! can be extended to unitary maps on L2 For f € L2, there exists
fn € S with f,, — f in L? since C® C S and C*° is dense in L. Then, by Proposition 4, if
|fo — fmlz — 0 as m,n — oo, then

|fn - fm|L2 = ’fn - fm|L2 = |~F71(fn) - Fﬁl(fm)‘LQ

We define Ff = lim, oo F(fn) and F1f = lim, ;00 F *(f). This definition does not
depend on the choice of the sequence f,. Indeed, let g, € S such that g, — f in L?. Then,
|gn — fnlzz — 0 as n — oo. Therefore, by proposition 4,

|gn - fn|L2 = |gn - fn|L2 = |~F_1gn - -F_lfn|L27
= §, — Ffand F'g, = F 'f, in L*
Hence, F : L? — L? is unitary with F* = F~L,
Corollary 1
F,F1:8 =S can be extended to F, F~': L? = L? as
Ff=f=lim Ff, F'f=lim F'f, in L? with f, € S, f, — f in L?.
We have FF1f = FYFf = f for any f € L?. Also,
\Fflz = [F flee = [ flezs  fe L2

Proposition 6

Let f € L' N L?. Let f=limy oo fr, F L = limyseo _1fn in L? with f, € S and f, — f
in L2, Then, f(§) = [ f(z)e ¢ dx with £ € RY. Ff(z) = [ f(£)e™¢ d¢ with z € RY.

Proof. By Proposition 3, for any h € S,

/fn /fnh and /]—“ (f.)h /fn
As n — oo,
/fnh%/fh,/fnﬁ%/fﬁ,/}"l(fn)h%/fl(f)h,/fn}“l(h) %/ffl
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— /fh:/fh, /f—l(f)h:/ff—l

Now, for all h € S,

= [ 1@ ([ ntgpee=ray ) as

/ /f( ﬂmedI) h(y)dy (By Fubini’s Theorem)

/f e Ty ae.

Fubini holds since [[ |f(z)|-|h(y)| - |e”?™¥|dzdy = |f|r1 - || < oo. An analogous proof
holds for F~1.

Thus,

Corollary 2
Let f € L?. Then,

Ff&) = f(f) = lim f(z)e ™™ dg in L2,

F'f(x) = lim f(©)eP™Cd¢ in L2

Proof. Let f € L?. Set f, = Xu<nf. Then f, € L' N L* (by Holder, [|f,] <
| falr2 [Xjzj<nlz2 < o0) and f, — f in L? by the dominated convergence theorem, since
|fo| <|f| and | f]? is integrable. By Proposition 6, since f, € L' N L?

fn<€> = fulx)e 2™ dy = Flw)e 2m€ 4.
Rd

lz|<n

Since F is unitary on L2, |f, — flr2 = | fo — flrz — 0, s0 fu — f in L2. Hence

f(g) = lim f(x)e ™8 dg in L2
n=00 Jiz1<n

An analogous argument with g, = X|¢|<n f proves the formula for F -1

Some Applications of the Fourier Transform
1. Heisenberg Principle

Let ¢ € S(R) be a wave function, [, [¢(2)|*dx = 1. Then, in quantum mechanics, [¢(z)|>
is the pdf of a particle’s location and

/I&(S)Pdf =/|w(x)|2d:v = 1.



|4)(€)]? is the pdf of a particle’s momentum. If 29, & are the measured location and momen-
tum, then their mean square errors are

(Ar)? = / e ao [P dr, (AL = / €~ Gl [ de.

Theorem 2 (Heisenberg Uncertainty Principle). Let ¢» € S(R) with [, [¢(z)[* dz = 1.

Then
1

— 1672

(Az)*(A8)* >

Proof. First take o = & = 0, so that ( = [2?¢(x)|* dz and (AE)? f§2|@/) (&)]? dE.
Since ¢ € S(R), it decays faster than any polynomlal so z|Y(z)]* — 0 as |z] — oo.
Integrating by parts,

1= [ P de= [do@P]” - [ 20 @i@ + v@Tm) o
— —92Re /wa'(x) () dx.

Hence, by the triangle inequality and then Cauchy-Schwarz,

v [T veiwela <o ([Puera) ([wepa)” =20 ([wea)”

—00

By Plancherel’s equality and Property 1, z/ﬁ\’(ﬁ) = 21 P (€), so

/ ()P e = / DO de = / (2r |2 (E)? de = An(AL)?.

Therefore 1 < 2(Az) - 2n(A€) = 4n(Ax)(AE), which gives

1
— 1672

(Az)*(Ag)* >

For general g, &, apply the result to ¢(x) = e 2™0%)(z + xp). Then [ |p]* =1, |@(¢)]* =
[Y(£+&o)|?, and a change of variables gives [ 2?|¢(z)|*dr = (Az)? and [ £3|@(&)[2dE = (AE)%
Applying the case above to ¢ yields the general inequality.

2. Helmholtz Equation in S = S(R?)

Consider

u(z) — Au(z) = f(z), ze€RY feb, (H)
where Au(z) = %u(m) +e aa—;u(m). We found (Example 1, Property 1)
1 d

Au(€) = —an?[¢ > a(€).

65



Proposition 7
For any f € S, there exists a unique u € S solving (H); i.e., I — A : S — S is bijective.

Proof. Let f € S. Note that f € S and, since 1 + 47%|¢|? is a polynomial that is bounded
below by 1 with W € C® having all derivatives bounded, the product W f(§ es.

(1) Uniqueness. Let u € S with u — Au = f. Taking Fourier transforms,

f(€)

u=Au(§) = f(©) = U+4reP)a(e) = F©O) = 4(6) = 7 o

Thus @ is uniquely determined, and since F : S — S is a bijection, u is unique.

(2) Ezistence. Let f € S and set g(§) = % € S. Then u(z) = (Flg)(x) € S

solves (H): indeed @ = ¢, so

u— Au(€) = (1+4?[¢*) a(€) = (1 +4m*|¢?) g(€) = £(€),

and injectivity of F gives u — Au = f.

Tempered Distributions
Notation. Let S’ = S’(R?) be the space of all linear continuous maps 7 : S — C.

Recall. A linear map T : S — C is continuous if and only if there exist m > 1, C > 0,
a1, gy ...y € N&and Ny, Ny, ..., N,, € Ny such that

TN <CY | flnear fES.
k=1

Equivalently, a linear map T : S — C is continuous if and only if there exist N € Ny and
C > 0 such that |T'(f)| < C|f]-

Definition. T' € S’ is called a tempered distribution, and S’ = S'(R%) is called the space of
tempered distributions.

Example 1 (Oy)

Let Oy be the space of all f € C™ such that for every a € N¢ there exist € = C(a) > 0
and N = N(«) € Ny with

0°f(z)| < C(1+ |z|)V, 2eR

(a) Every g € Oy defines T, € S" by T,(f) = / g(x)f(z)dx, f € S.

Rd
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Proof. Suppose |g(x)] < C(0)(1+ |z|)Y for z € R? (the bound for a = 0). Then

[ls@1- @)l ds < 0(0) [+ 1) (o) do
dz
— 1 N+d+1 L
CO) [+ 1) 110 - 5 o
dx
< C(0) ’f’N+d+1,0/—(1 T
Hence
dx
| < ‘/ dl’ < C|f|N+d+1 0 C= C(O)/ (1 + ’m‘)d+1 < 00,
so T, is continuous, ie. T, € S'.
(b) The map Oy 2 g — T, € S’ is injective.
P’roof Let G1,92 € Oy with Ty, (f) = T, (f) for all f € S. Then [gi(z)f(z)dz =
[ g2(x) f(x)dx for all f € S. Since g1, g2 are locally integrable and [ g1 f = f gof for all

felx, 11; follows that g; = g2 a.e.

(c) Let a € NZ&. Then 9%g € Oy for g € Oy, and since f € S decays rapidly, integration
by parts gives

0%g, f) = /a“g fdr = (- >a'/gaafdm=<—1>“'<g,8af>=(—1>'°“'Tg<a“f>, fes.

Notation. C° C S C Oy C 5. We also write T, = g and Ty(f) = (g, f) for f € S.
Definition. Let 7,7 € S'. Wesay T,, = T in S" if T,,(f) — T(f) for every f € S.

Example 2 (Polynomial Growth)

We say a measurable function g : R — C is of polynomial growth if

lg(z)] < C(1L+ |z))N, =z €R? for some C >0, N> 1.

Remark. If g is of polynomial growth, then g defines T, € S’ by T,(f) = [gf, f € S
(equivalently (g, f) = [ gf), and |T,(f)| < C|f|n+dt1,0. f € S. Again we write T, = g.

For o € N¢ we define the distributional derivative 9%g € S’ by

<3a9,f>==(—1yawgaaaf>==(—1ﬁawb(5af% fes. (#)
Formally this reads (9%g, f) = [ 9%g(x)f(x)dz = (=1)l* [ g(x r)dz. As an operator,

°T, = (-7, 00, 558 —-2,C,

More generally, (#) defines 9°T for any T' € S’ by (0°T)(f) = (—=1)l*IT(0“f), f € S.

67



Definition. T € §' is reqular if T' = T, where g is of polynomial growth.

E.g. Let
r, x>0
x)=1+<" - the ramp function).
g() {0, =0 ( p )

(a) Find £g =g For f € S,

<£g,f> — —/_Z g(x)f'(x)dx = — /0°° af'(z) dx
——[et@]+ [ @y = [ @)= [ H@ @0

where the boundary term vanishes since f € S. Hence ¢ = H, the Heaviside function,

1, >0 d
Hz)={ "~ H=g =g
() {07 20’ 9=

(b) Find 4£. For f € S,

H(x

dm’

-/

/f
[]=f<0
/féodx/de

Thus % = §,, the Dirac measure, where (informally)

do(x) = {O’ v#0 (Dirac measure), (00, f) = f(0).

oo, =0
Formally, / F@)H' (z) dz — / (@) dH(z).
Example 3 (L?)
Let g € LP with p > 1. Then ¢ defines T, € S’ by T,(f) = /g(a:)f(x) dr, f € S.
Proof. By Holder’s inequality, with ]13 + é =1,
[ 9@ @)l do < lglos |12

68



Now, for f € S, writing m = {%1’

11t = [ 1@l de = [ @I+ 1)) i < o | e

where [ &z = €' < co. Then |f|re < CY9|f|y0, s0
Ty(H)] < 1glw | flrs < CY\gle [ flimo < oo,

showing T, € S’. The map g € L? — T, € S’ is injective (similar proof to O, for injectivity).

Tempered Distributions (continued)

We define LP C 5" and often write g = T,, where

T,(f) =9, f) = /g(x)f(x) dr, fe€8.

We define 0%g by
<8ag’f>:(_1)|a|<g’aaf>’ fGS
In particular L? C S’. Recall that if g € L?, then Fg = g and F'g € L. By Proposition 3

of Chapter 7,
Jar=[oi. [7rar=[ar s ses

and this even holds for f € L%

@1 =19, 1), (Flo.fy=(9.F '), feS
For g € LP with p > 1, we define Fg =g, F 'g € S by

(Fa, £y =0.F)=(0.Ff) =g, f), (Flo.f)=(9,F'f), feS
Note. S 2+ S —25C, ie. Fg="T,0F.

Example 4 (M,04)

Let Myoq (moderate) be the space of signed Borel measures 1 on R? of moderate growth:
/(1 +|2[) ™™ d|p| < 0o for some integer N > 1.. (#)

E.g. Lebesgue measure on R%: N = d + 1 works (indeed any N = d + ¢, € > 0).
Every p1 € Miyoq defines T, € S" by T,,(f) = /fdu, fes.

Proof (continuity).

d
J i1 = [ @I+ 1) - s il < Uflvo [ it <00 by )

+ )
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for f € S. Hence |T,,(f)| < C'|f|no, s0 T, € 5"

The map p € Myoa — T, € S’ is injective; we write Myoq € S, T),(f) = (u, f) for f € 5,
and p = T,,. We define

(0, f) = (=D"Nu,0°f), (Fu. fy={(uFf), (Fluf)=wF'f), feS

Let 4 be a finite signed Borel measure on R?. Then, by Fubini,
) = = [ Frau= [ ([ o) duto
_ i2mx-§ _
= [0 ([ ereau) de= [ ool as

where

o6) = [ ¥ du(o) = B[], ¢ RS

(the characteristic function of ). Thus F'u = ¢ in S, where ¢ = T is defined by
Ty(f)=[fo, [ €S

Main Operations on S’ = S’(RY)
Differentiation. Given T € S’ and o € N&, we define 9°T € S’ by
O°T(f) = (—1)T(@*f), feS, ie (0°T, f)= (=1l T,0°f), feS,

where, for R € S, R(f) = (R, f).
Fourier Transform. Given T € S', we define FT =T, F'T € §' by T(f) = T(f), i.e.

FT(f)=T(Ff), F'T(f)=T(F'f), feS.

Notation. (T, f) = (T, f), (FT,f)=(T,Ff).
Multiplication by F € Oy. Given T € S" and F € Oy, we define FT € S’ by

FI(f)=T(Ff), febs, ie (FI.[)=(TFf), [€S,
which is well defined since f € S+ F f € S is continuous.
Proposition 1

F,F~1:8 — S are bijections (recall S C L> C ).
Proof. Let f € S. Then

FUFT(f) = FO(F 1 f) =T(FF ' f) =T(f), FF'T(f) = F 'T(Ff) =T(F'Ff) =T(f).

Thus F'\FT =T = FFI'T.
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Example
Let T € §', a € N Show that 9°T = (i27€)°T
We know (i2m€)* € Oyy. Let f € S. Then

T(f) = 0°T(f) = ()T f) = (=0T (g) with g(z) = (—i2r2)*f(z) € S
= (=1l (( 2277) f) = 1‘°‘|T( (—i2m)*f)  with (—i2m)* € On
= (~1)l*l(—i2m )T (f) = (m) 7(f),

using Property 3, 9*f = § with g = (—i2m-)*f. Hence 5T = (127&)*T

z, x>0
0, <0

Jga f(x) ddo(z) = f(0). Also recall that g : R — C is of polynomial growth if |g(z)| <
c(1+ |:13|) r € R? for some C > 0 and integer N > 1.

Recall. Let g(z) = { , g € 5. We found %g = §g, and 9y € S’ with

Theorem 1 (Structure Theorem)

For each T € S, there exist a continuous function g of polynomial growth and a € N¢ such
that T' = 0%, i.e.

T(f) = (T, f) = (09, f) = (—1)*(g,0° ) = (1)l / 9(2) 0" f(x) de

Rd
Proof. We prove it for d = 1. In particular, we prove the following first.

Lemma 1

Let o : R — C be of polynomial growth. Then there exists a continuous function H of
polynomial growth so that

o0

(h fY = (H, ™) fe S neNy, ie. / h(x) £ () d = / T H(@) f) (1) da

—00

Proof. Set G(xz) = [ h(t)dt, x € R. Suppose |h(x)] < Ci(1 + |z[)¥. Then, using

2
FiEg==y

|h(2)] < Co(1 4+ |2[H)Y, and also |h(x)] < Cs3(1+|z[*), =z €R,

(since |z|* < \wl + C5). Then G is a continuous function of polynomial growth: for > 0,

2N+1

< h(t)|dt < 1+ t*N)dt =
G( |/| ) 06/0(+) Cor + Cogmr
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|2V A
2NFI

and for x < 0, |G(z)| < fxo |h(t)] dt < Cg|z| + Ceih=—; hence |G(x)| < C7(1 + |x])?V L.

@J““wszG@ﬁWﬂ@Mx

—00

- [G(x) f<">(x)]: - /_ Z F(@)h(x) de

=0—(h, fM) (f™MeSs hes).
Take H = —(G, which finishes the proof of the lemma.

Now we return to Theorem 1. Let T € S’. There exist C' > 0, N € Ny such that

N N
IT(F)] < Clfly < C D sup(L+ [a) V[P (@) < Y sup(1+ 2N [P ()], feS.
k=0 *

k=0
(1)
Let o(z) = (14 |2[)™V. Note ¢ € Oy and |p(z)| < Cro(x) for all £ € Ny, x € R.
Consider oT(f) =T(¢f), f € S.

N
Claim 1. [¢T(f)| < C2 Y sup|fP(z)], feS.
k=0 *
Proof. By (1), [¢T(f)| = |T(¢f)| < Cr pg sup, (1 + )V (9 f)®(2)]. By Leibniz,

(0 f) ¥ (2

%M”

k
If”( e @) <Y Crilf9 @) el2),  Cry = (5)Chey
=0

Since (1 + [z[))Np(z) =1,

N N
T ()] < Clzzckgsuplf” (2)| < Co ) sup | ().

k=0 j=0 k=0 *

Claim 2. There exist complex (finite Borel) measures u, k= 0,1,..., N, on R such that
N
n=3 [ 19w du. ses
k=0 /R

Proof. Let Cy(R) be the Banach space of continuous functions on R vanishing at oo,
with norm |g|, = sup, |g(x)|. Let E = Cy(R) x --- x Cyp(R) with norm |(go,...,9n)|u =

N+1
lgolu + -+ + |gn|u; E is a Banach space. Let

M= {(fO,f0, . ;™) fes} CE,
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and consider A : M — C defined by A(f©, fM ... fN)) = ©T(f). By Claim 1,

A fIN = 1T ()] < Col(FP e ),

so A is bounded on M. By a corollary of the Hahn—Banach theorem, A extends to A € E*
with ||A]|g« < Cy. Now |A(go,0,...,0)| < Csgol. for go € Co(R), so by the Riesz represen-
tation theorem there exists a finite complex Borel measure pp on R with A(g,0,...,0) =
fR go dpg. Continuing slot by slot, we obtain pq, ..., uy with

N
A(QO,glw-ng):Z/gk(l’)dﬂk, (907"'agN) ck
k=0 /R

(for example, A(go, g1) = Algo, 0)+A(0, g1)). Hence ¢T(f) = A(SO,... fO) = SN [ O dy.
Claim 3. There exist bounded measurable functions Fj, k = 0,1,..., N, such that

N
-y /R FED (@) Fu(x) de, | € S.
k=0

Proof. Let Gy(z) = m((—00,2]), 2 € R; then Gy is bounded (as p is finite) and of
bounded variation. Then

Z/ 19 (@) dy (o Z/ 19 (@) dGi ()
i[f“ka Z/ FED (@) Gi() da

The boundary terms vanish (f*) € S| G} bounded). Set F, = —Gj.

Finishing the proof. Smce L= (1+z|*)N € Op and éf €S,

N

T(f) = <o T(N) = eT(21) = Y [ Bt (20)" @) ds

k=0 VR

By Leibniz, (/)" = £ (1) (2) " 50

N
- Z Z/ (@) Hyele Hyo = (7)) F (é)“ﬁﬂ_ﬁ) :
=0 (=0

where each Hj, is measurable of polynomial growth (bounded x polynomial growth). Ap-
plying Lemma 1 repeatedly to raise every term to order N + 2,

N k+1

D=3 [ 1) Fuste) de

k=0 (=0
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where the H %¢ are continuous of polynomial growth. Set

N k+1

g(x) = (—1)N+? Z Z Hyy(z), z€R,

k=0 (=0
a continuous function of polynomial growth. Then T(f) = (—=1)"*2 [ g(2) fN*2(2)dx =

(ON*2g. ), ie. T =0N"2g (so a = N +2). This concludes the proof of Theorem 1.

Some Applications of Tempered Distributions
Helmholtz Equation in S’ = S'(R?)

Consider
u—Au=g in 5" (H)

Given g € S, find v € S’ solving (H).

Proposition 2
For any g € ', there exists a unique u € S’ solving (H); i.e. I —A :S" — 5’ is bijective.

Moreover 1

———— € Oy,
L4 4m?gP — 7Y

1
u = .7:_1( A) ,  where

1+ 4mep ¥
Proof. Note that both 1 + 47%|¢|* and m are in Oy. Using 5T = (i127€)*T (so
Au = —4r2|¢|0),
u—Au=gin §' < nginS' = (1+4r°|¢P)a =g 'nS'
1
= Ul=——F—¢inS <= u= ( )'S’.

T it ‘e 1+42gpg "
This determines u uniquely and provides a solution, so I — A : 8" — S’ is bijective.
(H) with g € L?
Definition. Hj = {u € 5" : u, 9°u € L? for all || < 2} with norm

1/2

lulaz = { D 10%ul?s

Jor| <2

In fact HZ is a Hilbert space with inner product (u,v) = ZIaISQ Sz O%u 0°v dx.

Note. u € H? means u € L? and there exists 0%u € L*so that [ 0% f dz = (—1)l* [w 0 f dux,
fes, forall |a| <2.
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Proposition 3

For all g € L?, there exists a unique u € HZ solving (H). Moreover, u — Au = g a.e., and
[u|g.2 < C|g|z2 with C independent of g. Also I — A : H? — L? is bijective.

Proof. Let g € L? and u = F ' (yrpkngz§) € L2 Then for all |a] <2,

(i27§)* .

H4—W2|§’29 = |8/@(5>\ <19(&)

dou = (i2m)™i =

)

since for |a] <2, |(127€)?| < (27|¢)) < 14 47%€]%. Hence 0%u € L? and, by Plancherel,
‘8QU’L2 = ]8°‘U|L2 < ‘Q‘LQ = |g’L2.
Summing over |a| < 2 gives |ulo2 < Clg|z2. Uniqueness follows from Proposition 2 (unique-

ness in S’). Hence I — A : H? — L? is bijective.

Solution of (H) as a limit with g € L*. Let g € L?. There exist g, € S with g, — ¢ in
L?. For each g, € S there is a unique u,, € S solving (H) (since I — A : S — S is bijective,
S C L2, and S is dense in L?). Then (u, — tp) — Aty — Um) = gn — gm, and by Proposition
3, for all |a| < 2,

|0%Uy, — O%Um| 2 < Clgn — gm|rz — 0 as n,m — oo.
Hence there exist u, € L? with 0%u, — u, in L? for |a| < 2; write u = ug. For any f € S

and |a| <2, [ 0%, f = (—1)l [u, 0*f, and passing to the limit,

Juat =00 [uors ses,

which means 9%u = u,, in S’. Thus v € H and u — Au = g a.e.

(H) with g € H5
Definition. Let s € Nj. Define
1/2

Hi={ueS :u duel? |af<s}, |ulse= Z |0%ul?

laf<s

Note. H; C L[>

Proposition 4

For any g € Hj, there exists a unique v € H5'? solving (H); i.e. I — A : H5™® — Hj is
bijective.

Proof. uw— Au = g implies 0“u — Ad*u = 9% in S’. Since 9%g € L? for all |a| < s, by
Proposition 3 we have, for all || < 2,

0%l 2 = [07(00)| 2 < C1° ] -
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Every v with |y| < s+ 2 can be written v = 4+ « with |a| < s, |8 < 2, so
|07u|r2 < Clglse  for all |y] < s+ 2.

Hence u € H3™ solves (H), and uniqueness follows from Proposition 2. Therefore I — A :
H5™ — H3 is bijective.

Weak Convergence

Let E be a normed vector space and E* = L(E,R) be its dual. Let z € E and let z,, € E
be a sequence “approximating” x. In what sense do we mean “approximating”? By the
Hahn-Banach theorem,

|z, —x|g = sup [{(z, —x)] -0 asn — oo,
[l g+ <1

if and only if for any R > 0, supy,,.<g [¢(¥,) — {(z)| — 0 as n — co. That is, norm conver-
gence asks for ¢(x,) — {(z) uniformly over bounded sets of functionals. Weak convergence
relaxes this to pointwise.

Definition. We say z,, — = weakly, written =, — z, if

lx,) = l(x) asn — oo forall € E*, ie. ({,z,) — ({,x) asn — oo forall { € E.

Remark 1.

(a) Let B = LP p € [1,00). Then (LP)* = L9 with %—I—% = 1. Therefore f, — f in L? if
and only if [ f,g — [ fg for all g € L.

(b) Let X be a compact metric space and £ = C(X) with the |f|, (sup) norm. Then
[C(X)]* = M(X), the space of finite signed Borel measures, and f, — f if and only
if [fudp— [ fdpforall pe M(X).

(c) Let £ = H be a Hilbert space. Then H* = H and x,, — x if and only if (2, z,,) — (2, )
as n — oo for all z € H. (Recall Problem 3 of HW4: z,, — z in H if and only if
r, — z and limsup,, |z,|g < |z|g.)
Proposition 1

Let E be finite dimensional (e.g. E = R%). Then

z, — x if and only if =z, — x.

Proof. (=) In any normed space, if x, — x then for each ¢ € E* [{(z,) — {(z)] <
0| g+ |20 — 2| — 0, S0 7, — .

(«=) Suppose dim £ = d and x,, — z. Fix a basis v1, ..., v4 of E with coordinate functionals
Uy, ... lg € E* ({i(vj) = 0;5), s0oy = Z?Zl li(y)v; for every y € E. Weak convergence gives
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li(x,) — £;(x) for each i. Since all norms on a finite-dimensional space are equivalent,

d
2 — 25 < C_ |li(x) — ()| = 0,

i=1
SO X, — T in norm.
E.g. For 2 2 € R? with {2} a sequence, £ — z iff a:g") — x; for every i = 1,2,...,d.

Remark 2. In general, z,, — x does not imply x, — x in norm. For example, let H be an
infinite-dimensional Hilbert space with a CONS {e,, : n > 1}. Then for n # m,

|en - emﬁ-j = ’en’2 - 2<€naem> + |€m|2 = 27

so {e,} has no norm-convergent subsequence. But e, — 0: for every x € H, by Parseval
Sz, en)|? = |z)? < oo, hence |(z,e,)]* — 0, i.e. (z,e,) — 0= (x,0) as n — co.

n=1

Recall the canonical embedding £ C (E*)* = E**: every « € E defines a functional T, €
(E*)* by T,(¢) = {(z), ¢ € E*. By the Hahn—Banach theorem,

IT:|l = sup [To(0)] = sup |[6(z)] = [z]g,

€] px <1 €] p= <1
so x +— T is an isometry.
Definition. A sequence {z,} in F is weakly Cauchy if {¢(x,)} is Cauchy for all ¢ € E*.

Note. z, = 2 = {x,} is weakly Cauchy.

Proposition 2
Let E be a normed vector space. Then:
(a) 2, — = = |z|p < liminf, |2,|p.
(b) If {x,} is weakly Cauchy, then {x,} is bounded: sup, |z,|r < 0.

(c) Suppose E is a reflexive Banach space. Then every weakly Cauchy sequence in F has
a weak limit in F.

Note on reflexive spaces. E C (E*)* = E**. The space is reflezive when E = E**: for
all T" € (E*)* there exists x € F such that T'(¢) = ¢(z) for all £ € E*.

Proof. (a) Let 2, =+ x. By a corollary of the Hahn-Banach theorem, there exists ¢ € E*
with |[¢|g- = 1 and ¢(z) = |z|g. Then

|2]p = €(z) = lim l(z,),  [l(zn)| < [l|p|2a|p = [2a]p for any n.

Hence |z|p = lim, {(z,) = liminf, ¢(z,) < liminf, |z,|z.

(b) Let {x,} be weakly Cauchy. Then sup,, |¢(z,)| < oo for all ¢ € E*, because {{(z,)} is
Cauchy in R, hence convergent and bounded. Consider T, € (E*)* defined by T, (¢) =
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l(xy,), £ € E*. Then sup,, |1y, (¢)| = sup, |¢(z,)| < oo for all £ € E*. Since E* is Banach, by
the Banach—Steinhaus theorem (uniform boundedness),

| =sup sup |1y, (¢)| =sup sup [l(z,)| =sup|z,|p < 0.
no |l px<1 no | px<1 n

n |

sup ||}

(c¢) Let {x,} be a weakly Cauchy sequence in a reflexive Banach space E. By (b), M :=
sup,, |zn|p < 0o. Set T'(¢) = lim, ¢(x,); the limit exists since {x,} is weakly Cauchy, and
T : E* — R is linear. Now |{(z,)| — |T'(¢)| and

[f(zn)| < [llg-|n]e < M

so T € (E*)*. By reflexivity (E*)* = E, so there exists x € F with T(¢) = {(x) for all
¢ € E*. Then {(x) = lim,, {(x,) for all £ € E*, ie. z, — .

Note. “lim, z,, = z” means (a) lim, z,, exists and (b) it equals x. For (a), it helps to
know there is a convergent subsequence x,, — equivalently, that {z,, : n > 1} is relatively
compact.

Fact 1. If F is infinite dimensional, the weak topology on E' is not metrizable; in particular,
weak convergence cannot be defined by any metric.

Proof. Suppose, for contradiction, that the weak topology is induced by a metric. Then 0
has a countable weak-neighborhood basis {V}}xr>1. Every weak neighborhood of 0 contains
a basic neighborhood

W(ly,....m;€) ={z e E:|l(z)<e, i=1,...,m}, {;€FE" >0,

so each Vj, contains such a W, built from a finite set Fj, C E*. Let F' = J, F, a countable
subset of E*.

Given any ¢ € E*, the set {z : [{(z)| < 1} is a weak neighborhood of 0, hence contains
some Vi, 2 Wi = W(¢r, ..., ¢m;€) with ¢; € F. In particular (; ker ¢; C {z : [¢(z)] < 1},
and by scaling ﬂj ker¢; C kerl. By the elementary lemma (if ﬂj ker ¢; C ker{ then
¢ € span{¢1,...,om}), we get £ € span(Fy) C span(F).

Thus E* = span(F') has a countable spanning set, i.e. countable Hamel dimension. But
E* is a Banach space, and by the Baire category theorem an infinite-dimensional Banach
space cannot have countable Hamel dimension. Since FE' is infinite dimensional, so is E* —
a contradiction. Hence the weak topology is not metrizable.
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